For V a vector space on a field F.
For subsets S; and S; of V, we write: S; + S, = {[X1) + [X2) : [X1)eS1, [X2)eS, ).
A subset Wof Vis a subspace of Vif Wis closed under the operations of the vector space
and contains the zero vector |0).
(Notice that for subspaces W, and W,, W; + W is also a subspace.)
The orthogonal complement of a subset W of an inner product vector space space Vis:
W = {xyeV : (ylxy = 0 for all fy)eW}
We write: V = W; & W, for the subspaces W; and W, of V, when W; + W, = V and
Wi NWa = {[0)}.
For an operator T :V — V, we define:
Range of T = R(T) = {T|X) : [X)eV}
Null Space (Kernel) of T = N(T) = {[x)eV : T|x) = |0)}

For V = W; @ W,, the operator P is a projection on Wy along W if for [x) = [X1) + [X2)
(where: [X)eV, [X1)eWr, [X2)eWs), PX) = [X1).

P is a linear operator.

R(P) = Wy

N(P) = W,

P is a projection iff P> = P

A projection P on a inner product vector space Vis an orthogonal projection if
R(P)* = N(P) and N(P)* = R(P).
P is an orthogonal projection iff P has an adjoint P* and P? = P = P'.

Proof of P is a projection iff P? = P:
(i) P projection = P? = P:
For any [x)eV, we can write [x) = [X1) + [X2), with [x1)eW1, [X2)eW,. We can also write:
X1) = X1)+[0). Thus,
Px) = [x1) and P2jx) = Pjx1) = [x1). Since this holds for any [x), P? = P.
(i) P2 = P = P projection:
For any [x)eV, we can write [X) = P|x) + [[X) — Px)]. Call [x1) = P|x) and [x2) = [[X) — Px)].
PX) = PX1) + Px2) = P?x) + Pjx2) = P[X) + Pjx2) = PX2) = [0) = [X2)eN(P)
= PIX) = Px1) + Pjx2) = Pjx1) = Px1) = [X1) = KXa)e{ly)eV @ Ply) = ly)}
Notice that: N(P) N {ly)eV : Ply) = ly)} and that V = {ly)eV : Ply) = ly)} + N(P).
Hence, V = {ly)eV : Ply) = ly)} & N(P) and P is a projection on {ly)eV : Ply) = ly)} along
N(P).

Proof of a projection P is orthogonal iff P has an adjoint P* and P? = P = P:
(i) Pis a projection < P? = P
(i) P orthogonal = P has an adjoint P’ and P = P':



R(P)l = N(P) implies: |X1>€R(P),|y2>€N(P) = <y2|X1> = <X1|y2> =0
For any [x), ly)eV, then we can write [x) = [x1) + [X2) and |y) = |y1) + ly2) such that
1), ly1)eR(P) and [x2), ly2)eN(P)
(XIPly) = [{Xa|+{x2[IPly) = [(xa|+{Xe[lly1) = (Xaly1) = (xaly) = KXIPTIly) = (xP"ly)
Since [x) and ly) are arbitrary, P! exists and P = P?
(iii) P has an adjoint P and P? = P = P = P orthogonal:
(a) Let [x)eR(P) and ly)eN(P).
(Kly) = [(XIP1ly) = (XIP'ly) = (x[Ply) = (x|(Ply)) = (x|0) = 0
= X)eN(P)* and ly)eR(P)* = R(P) < N(P)" and N(P) < R(P)* (since [x) and |y)
were arbitrary)
(b) Consider |z)eN(P)* and jw) = [[z) — Plz)]eN(P)
(wiw) = (zw) — [(ZIP"]iw) = (Zw) — (ZIP"Iw) = (Zw) — (zIPw) = (Zw) — (Z[[Plz) - P*z)]
= (2w) —(Z[Plz) — Plz)] = (zw) —(Z0) = (zw) = O
Hence, jw) = |0), which implies |z) = Pjz) = |2)eR(P) = N(P)* < R(P)
(c) Consider |2)eR(P)* and any |x) = [[X1) + [X2)]eV
[(zP']Ix) = (zP"[x) = (zIPIx) = (zlx1) = O
Hence, Pjz) = [0) = |2)eN(P) = R(P)* < N(P)
(d) R(P) € N(P)" and N(P) < R(P)" and N(P)* < R(P) and
R(P)" < N(P) = R(P) = N(P)" and N(P) = R(P)"
Hence, Pis orthogonal.



