Ph 195a Final Exam Solutions:

Problem 1

(a) The first thing to do is find the eigenstates of Ho. Since the identity operator commutes
with any other operator, the eigenstates of Ho will simply be the eigenvectors |p) of M,
where n = 0,1and i, = 1,2. (For this problem, | am using notation that tries to match the
notation used in the lecture on perturbation theory.) By inspection, these are:

[03) = (1)~ $))
(03) = (o) — 62))
l03) = (o) +162))
(0%) = L-(h1) +163))

These have the corresponding (Ho) energy eigenvalues: E§ = 0 and EY = 2¢,. (Note that
instead of p3) and |p3) we could have chosen any orthogonal pair of linear combinations of
these two states to be the eigenstates, and similarly for jp1) and [p%).)

Hence, the expression of evolution of a general initial state in this eigenbasis

[(0)) = X aklel) is given by:

n,in

(1)) = 2 ay exp[-iEpth]lpir) = aglog) + ajles) + atexp[-i2sot/h]pl) + ai exp[-i2eot/h]lpT)

n,in

So the change of basis:

['7(0)) = ZCJ'|¢1> = 5 08) +lo1) + = (0d) + D) + 5 (Hod) + lo1)) + - (od) + 1))
= ( =2 )|‘Po> ( o )|‘Po> ( e )|‘P1> ( s )|‘P1>

gives the general expression for the time evolved state:
M) = (2 )ipdy+ (<52 ) Iod) + (22 ) expl-izsothliod) + (2 ) expl-izsothllo?)

= (Z52) (1) - Wa)) + (552 ) (o) — W2)) + (252 ) exp[-i2eot/A](po) + |p2))

+ (552 expl-i2eot/h] (1) + [43))
_ ( (co—c2)+(co+c;)exp[—i2£0t/ﬁ] )|¢O> X ( (cl—c3)+(c1+c;)exp[—i2£0t/ﬁ] )|¢1>

X ( —(co—c2)+(co+c22)exp[—i2£0t/ﬁ] )|¢2> X ( —(cl—c3)+(c1+c23)exp[—i2£0t/ﬁ] )|¢3>

Another way to do this is to compute the time evolution operator directly in the original
basis, though the above method is more relavent to this problem, because we need the

eigenstates and eigenvalues for the rest of the problem. First note that:
2

1010 1010
0101 0101
Ho)? = (g0)? = 2(g0)? = 2¢goH
Fo)™ =) g1 ¢ R orTo
0101 0101

and then we get:



To(t,0) = exp[-iHot/h] = 1+ Y CY T — 9 $5° CWAIZT 17 4 M)
n=1 n=1

- %(1—M)+%(1+M)+;w%(l+M) - %(1—M)+§w%(l+M)
n= n=

= 1(1 - M) +exp[-i2eot/h] (1 + M)
So, applying this to the initial state directly gives the same result as above:
[F(t)) = To(t,0)[¥(0))

1+exp[—i2sot/h] —1+exp[—i2sot/h]
2 0 2 0 Co
0 l+exp[—2| 2sot/h] 0 —1+exp[;|2£ ot/h] c1
- —1+exp[—i2sot/fi] 1+exp[—i2sot/fi]
— 2z 0 — 2 0 C2
0 —1+exp[—i2sot/h] 0 1+exp[—i2sot/h] C3

2 2

(Co—C2)+(Co+Ca) eXp[-i2et/A]
2

(C1—C3)+(C1+C3) eXp[=iZeot/fi]
2
—(Co—C2)+(Co+C2) exp[—i2sot/h]
2
—(C1—C3)+(C1+C3) exp[—i 2 ot/f]
2

(b) Converting to the {|pi»)} basis, we have:

00 O O
Ho = 00 O O
00 29 O
00 0 2
00 O O
00 O O
00 0 2
002 O
00 O O
00 O O
H=Ho+&(R+RM) =
0 0 20 2¢
0 0 25 2g9

So we want to pick eigenstates of Hy that diagonalize the {|p})} and {|p})} subspaces (i.e.
the degenerate subspaces of Ho) of the perturbation matrix. The {|p},)} subspace is
already (trivially) diagonal, so looking at the restriction to the {Jp} )} subspace:

e:(R+R") <0 =( 20 2(? )
Er



has eigenvectors: (i —i) and (i i) So the desired eigenstates and their first

27 2 272
order corrected eigenvalues are:
0) = Ipb) B} =0
0%) = b E§ -0
1) = Z(od) ~lo?)) Et = 260 - 25
12) = Z(lo}) + lp?)) E? = 260+ 25,

(The problem actually meant to ask for the zeroth-order eigenstates, but, as will be shown in
part (c), the zeroth-order eigenstates are the same as the first-order (and higher)
eigenstates.) Notice that this removes the degeneracy from only one of the two degenerate
subspaces.

(c) Observe that M and (R + R") commute (calculation done in the original basis):

/

o010\ 0101\ (0101 )
MRiRH_| 0001 1010 | [ 1010
1000 0101 0101

\ 0100 )l 1010 ) \ 1010 )

o101\ 0010\ (0101 )
RiRM_| 1O 1O 0001 | | 1010
0101 1000 0101

\ 1010 )l o100 ) \1010 )

Hence, we can find simultaneous eigenvectors for these two matrices. In particular, the
zeroth-order eigenstates

0%) = (1)~ ¥2))

0%) = (o) ~ 42))

111 = S(do) — 1) + Ip2) — Ip3))

112) = S (o) + 1) + Ip2) + Ip3))

are just such simultaneous eigenstates of Hp and &(R + R"), and so they are also
eigenstates of H. Thus, this choice of eigenstates {|0'),|1')} as a basis not only
diagonalized the {Jp},)} and {|¢})} subspaces of the perturbation, but also diagonalized the
entire (perturbed) Hamiltonian matrix. This means that all (m*|(R + R")|n') terms vanish
unless m = nand k = i and that the first order corrected eigenvalues found above coincide

with the exact eigenvalues of Ho + (R + R"). It follows that higher order corrections vanish
(i.e. higher than zeroth-order for eigenstates and first-order for eigenvalues).

(d) Now define the eigenbasis {|£3),63), E1), [E2)} of Ho + &(R + R"), and their eigenvalues:
€5) = [0%) = %(I‘ﬁl)— lp3)) E{=0



£8) = 10) = L-(ipo) — Ip2) B3 =0
1) = 1) = 260} ~ 92) + Ip2) ~ h3)) E1 = 280 - 25
£2) = 12) = 260} + p2) + p2) + h3)) Er = 280+ 25

Then, for a perturbation W = A|¢oX¢o|, we see that the restriction of W to the {|£})}
subspace (i.e. the degenerate subspace of Ho +&,(R + R")) is:

wiey - 90
0 12

which is already diagonal, so we can apg)ly regular perturbation theory to get the
corrections: AE, = (Sh[Wigh) = AKShldo)
So, the first order corrected energy eigenvalues are:

(E8WES) = 0 Es =0

(EBWED) = 32 Ef = 32

<§1|VV|§1> = %l E. = 280—28r+%l
<§2|VV|§2> = %l E, =289 + 28, + %l

Notice that this removes the remaining degeneracy.

Problem 2

I will first solve the differential equations for the evolution of the Bloch vector for this system
in terms of general inital conditions, and then the desired answers can be found by
inspection when we recall the two relations between the density operator and the Bloch
vector: p = 2 (1+V-3) and Tr[p?] = £ (1+|V|*). So the system of differential

equations we want to solve is:

Vy 274 0 0 Vy 0
Lo | = 0 -2T yby vy |+ 0
Vv, 0 —yby -T{ Vv, T7HV0

Solving for the homogeneous solution:

Vy 2T 0 0 Vy 0
Lo |+ 0 2T —yby vw |=| O
2 0 yby T 2 0
-n+ 2Tt 0 0
0 = det 0 -n+2T11 —yby = (- + 2T (= + 2T (0 + T + (rb1)?)
0 yby -n+Tt

0= (-n+2T7")(n* = 3Ti'n + 2T + (vb1)?)



ni = 2T11 81 =

ybiTy
1
ne=(2+ 3/ I-@bT)?)TE B =| (HEEETF)

1-1/1-2ybT1)?

71Ty
1
ns=(2-1/1-@biT1)? )T By=| (#3/r@mmy?)?
1+1 [1-2ybiT1)?

\ ($+3/1=@01T1)?) 2 )
Vh(t) = c181exp(—n1t) + Co 82 exp(—nat) + C3 €z exp(—nat)

Letting A = yb1T1 < 1, and noticing that n; > O for all i, we can write this in a more
suggestive form by calling 7; = 7;*, getting:

1
1= 5T € =( 0
0
( 0 3\
A
o= (2+4/1-42) T B, = | (Er)?

I
—
N
+
N
N
S

N
~—

3= (2-1J1-42) T, 8s

Vh(t) = 0181 exp(—t/rl) + 0282 exp(—t/rz) + 03_6)3 exp(—t/rg)

The inhomogeneous (particular) solution is exactly the steady state solution, since a
constant (time independent) inhomogeneous solution is appropriate for this system. For the

stationary state solution, let 4V = 0, then:



o1 0 0 Vs
O 2T11 _j/b]_ V? =
0 Y b1 Til V;S
oy 2T 0 0
v | =| 0o 2Tt —yby
V;S 0 4 b1 Til
Ve 0
ybiTy 0
V)S76 - ( 2+(yb1T1)? )VZ =
vy _ 2 )yo
z ( 2+(ybyT1)? )VZ

Ti've

_1 0 0
2T11 0
0 T yb1
2TZ+(rb1)2 2T 2+(yby)? 0
0 —7b1 21t T11V9

2T %+(yb1)?  2T%+(yb1)?

So we now have the general form for the time dependent Bloch vector:
V(t) = Vh(t) + Vp =€ exp(-t/ry) + C 8> exp(-t/ty) + C3€3 exp(—t/r3)+7$

for which the constants c;, c;, c3 are chosen to satisfy the initial conditions (i.e.
V(0) = c1 81 + .8, +C383+V"). Solving for these constants is done by inverting the matrix

composed of the i!" eigenvector as the it column, and then multiplying this inverse by

V(0) — V*. This ends up being a very messy calculation for all but a few well picked inital
conditions, so | will not go further with it. (It is not necessary to know exactly what these
constants are to understand the general behavior of the time evolution.) We can check that
the results make sense, by taking the limit A - 0 and observing that:

1 2T1 =T,

To — %T1=T2

73> T
0
V$—> 0
V2

Gl

€ ~

0 )

€; - 0

(1)
0
\ 0/
[0 )

1

\0J

L

are exactly the results we would get if 1 = 0 (i.e. if there was no coupling).
It should be clear at this point that (since z; > 0 for all i) the time evolution of the Bloch



vector components follow linear combinations of exponential decays (which can be
increasing or decreasing, depending on the initial conditions) from any initial state to the
steady state solution. This gives the important result: All initial states evolve to the
steady state solution V¥ as t » . We can now pick out the answers to this question:

(a) The purity will be constant whenever the magnitude of the Bloch vector will be constant
in time. Hence, the obvious solution is to pick the steady state solution of the Bloch

equations, so that p(t) = p(0):
1 Ve i (A2
2" ( 2412 ) _I_Z( 2412 )

p(0) =p==3(1+V"-7) =

Note that

|v$| _ ( 4+).2 )5\/0
(2+22)2 z
2 s 2 2 2
TrLe=)?] = 3(1+[V7]%) - %(1+ Gz (V) ) <1
since we are assumming that V3| < 1 in order for it to physically make sense.

(b) Since the Bloch vector and density operator evolve toward their steady state values, the
purity will be arbitrarily close to the steady state purity for large enough t. Hence, the purity
will decrease with time in the sense described in the problem for any initial state with | V(0) |
larger than |V$|. (Note that the evolution can have decreasing purity in the sense
described in the problem without having to be uniformly or monotonically decreasing.) This
condition is satified by many possible cases, the most obvious being the pure states (i.e.
any Bloch vector with magnitude 1 has a purity of 1). For example, V(0) = (0,0,1)

10
p(0) = $(1+V(0)-7) = ( )

00

If you did not want to go through the trouble of solving the entire system of differential
equations (i.e. the Bloch equations) in order to know that all solutions evolved to the steady
state, you could still get a solution for this part by noting that the x component is decoupled
from the y and z components of the equations, and the x component equation is easy to
solve by itself (i.e. regular exponential decay). Thus, picking the y and z components of the
initial Bloch vector to be the y and z components of the steady state solution will leave them
unchanged throughout time, and any non-zero x component will simply decay away. The
only thing to be careful about is to make sure that the initial x component is small enough
that the Bloch vector is not unphysical, i.e. make sure that: 0 < (vx(0))? < 1— |V$| ?. Then

you have:



vx(0) exp(—t/z1)
V() = (322)v

2 ) 0
(2+/12 Vz

pity = 2(1+V()-7) =

i +( v ) _i_( Vg )+ vx(0) exp(—t/rl)

2+1.2 2\ 2412 2

2
S(2E) + epte) (%)

So you would pick:
1 v9 ) _L( V2 ) vx(0)
2+(2+/12 2\ 2422 t2
1
2

i_(i_v(z’)er _( v )
2\ 2472 2 2+1.2

p(0) =

(c) By the same reasoning in part (b), the purity will increase with time if | V(0) | is smaller
than |V®|. As long as v + O (i.e. thermal equilibrium in the z-component is not isotropic)
then |V$| > 0, and this initial condition can also be satisfied by many possible cases. The
most obvious choice is V(0) = (0,0,0), which corresponds to the completely isotropic state
(i.e. a purity of 3):

p(0) = $(1+V(0) ) = (

Again, without solving the differential equations, V(0) = (0,0,0) should be the first guess,
since it is clear that this Bloch vector is the only Bloch vector with the minimum possible
purity. Then, one only needs to provide a convincing arguement for why this initial state will
not be in this state at any subsequent time in the evolution of the system.

o N
N O

(d) The interpretation of the evolution of the answers from part (b) and (c) depends on the
examples provided, but the general interpretation for small t evolution on the Bloch sphere
can be read off the Bloch equations. The Bloch vector (vy,Vvy,V;) is primarily evolving
towards (0,0,v?) with decay times (T,,T»,T1) respectively, but there is also a coupling
between the y and z components which tends to rotate the the Bloch vector towards the
equatorial (xy) plane of the Bloch sphere, and so gives evolution to a steady state that is
slightly rotated (and contracted a little) from (0,0,Vv?) in the y-direction.



