Ph 195a Midterm Solutions:

Problem 1
(a)
1. not Hermitian: (JOX1|+i[0X1[)" = [1XO| —i|1)XO| # |OX1|+i|0X1]|
2. Hermitian: (JOXO]+ [LX1|+ [2X3]+ 3X2])" = [0XO0] + [AX1|+ [BX2| + [2X3|
3. Hermitian: (a0) + [1))"(a0) + [1)) = (@*(0|+(1)(@0y + [1)) = ja? +1 (real
c-numbers are Hermitian)
4. Hermitian: (aj0y + b*|1))(bj0) — a*|1)) = (a*(0| + b(1])(bj0y — a*|1)) = a*b—ba* = 0
= (aj0y + b*[1))"(bj0y — a*[1))[2X 1] + [3)3| = [BX3|
5. Hermitian: (JOXO|+ i|JLXO0| - i|0X1|+ [LX1])" = JOXO] —i|0X 1|+ i|1)XO0] + |11
(b) The (normalized) eigenvectors of K can be found by inspection (or you can find them
explicitly if you want):
|Ao) = [0)
1) = (1) +12)

P2 = (1) - 2)

1A3) = 1B)
and have eigenvalues: 2o = 1,11 = 2,1, = 2,43 = -1

3
Hence, K = Zlilﬂ“ixlil
i=0

(c) B is not a projection operator: BZ = (1 + [¥X¥Y(L + [¥XY]) = 2 (1 +3¥)X¥]) # B

(d) Clearly V') is an eigenvector of B, and it has eigenvalue y2

Hence the spectral decomposition is, B = V2 [V )(V| + %(1 —[X¥|) where it is understood
that 1 —[\V')'V'| can be further decomposed into the sum of three projection operators that

correspond to three eigenvectors of B that are mutually orthogonal and orthogonal to [V')
and which all have eigenvalues of % (i.e. there is some freedom in choosing these

eigenvectors since B does not provide restraining conditions other than orthogonality with

)

Problem 2

Since it is factorizable, we can write:

|\PAB> = |\PA> ® |\PA> = (ao|OA> + a1|1A)) ® (bo|0|3> + b1|1|3>) where the coefficients
(ao,a1,bo,b;1) are complex numbers.

Une[Vas) = (20|0a)) ® (bo0g)) — (a11a)) ® (b1|le)) = aobol0a) ® [Og) — a1b1[1a) ® [1s)

This new state is entangled iff both agby and a;b; are non-vanishing (i.e. if one of these is
zero, then the state is (trivially) factorizable, and if the state is factorizable, then one of these
must be zero).

This is the same as the condition that all of ap,as,bo,b; are non-zero, or that (0A0g|¥ ag) and
(1a1g[\V ag) are both non-zero.

To see explicitly that this new state is factorizable iff at least one of aghg or a;b; is zero,



consider its purity:

p = Ung[Pas)XaslUhs

Pa = Tre[p] = [a0bo[*l0aX0a| + [a1b1 P[1aX(1a]

Tr[p] = Tra[Pa] = laobol” + aibs [ = 1

P = laobo[*|0aX0al + [a1b1 [*|La X1l

C = TrA[ﬁi] = |aobo|4 + |a1b1|4

So if { = 1 (i.e. the state is factorizable), then |aoho|? + [aibs1|* = |aobo|* + Jazb1|*. The only

solutions of this equation subject to the constraints 0 < {Jaobo|,|aib1|} < 1 (this follows from
assuming [ ag) is normalized, which is assumed when considering {) are:

|aobo| =1, |a1b1| =0
|aobo| =0, |a1b1| =1
|aobo| =0, |a1b1| =0

Problem 3

Recall that in the case with a single Hilbert space, the density operator corresponding to a
pure state had Tr[p?] = 1, but the density operator of a mixed state had Tr[p?] < 1. This
suggests that something similar happens in a joint Hilbert space. Now considering a joint
Hilbert space, we know that for a density operator corresponding to a pure state, if the state
is factorizable then Tr[p4 ] = 1, and if the state is entangled then Tr[p?] < 1. Let's see

what happens for a mixed state:

p =2 Pr(M¥nX¥n| = ZPf(n)(%ZCﬂ(Cﬂ*(Im ® ke))(lal® <rsl))
n n jKir
= 2 Pr(mcicli jaXlal © ke Xrel

iKir

Where | write the ensemble indices as superscripts and basis state indices as subscripts
and segregate the two types of indices underneath summation signs to help distinguish
them from each other.

Pa = Trelp] = 2 sl 22Pr(mcieir[aXial® KeXrel (lis) = 22 Pr(mcich [aXlalids

iKIr ijKir
= 2 Pr(n)cjicii*faX!al
i
Pa=| XPr(nyciciiaXial || X Primcgellsaxtal | = X Pr(n)Pr(mciich ciely [aXtaldis
i s los
= D Pr(n) Pr(m)cjicg cqiety ia)tal
nm

ijogst



Tra[Pa] = 2(kal| 22 Pr(n)Pr(m)clicg el aXtal |ka) = 22 Pr(n) Pr(mcficy* cqiely 1o u
k
o e
= > Pr(n) Pr(m)cicg ey

as
If the ensemble consists of only factorizable states, i.e. [Vn) = > a'bifja) ® ks), then
ik
cjk = a'bg where Y |af'| 2 = Zk:|b{(‘|2 = 1, so we can write:
J

Tra[Pa] = 2 Pr(n) Pr(myagblal*bM™albfap™ by

kigs

= > Pr(n)Pr(m) (Z b'bp* ) (Z bgb™ ) agafralal™
nm I q
kigs

= 2 Pr(n) Pr(myagag*ag'ay”
nm
ks

This shows that it is possible to have Tr[ P4 ] < 1 for an ensemble of factorizable states,

and so it will not be a good measure of entanglement. For example, consider the ensemble
of factorizable states:

Tra[p2] - 3
(it is interesting to note that this ensemble also satisfies the stronger requirement that the
density operator is factorizable, i.e. p = p, ® pg, where p, = 2 (|0a}0a+1a)X1al) and

ps = [08)X0g| and so the same conclusions will hold for mixed states with factorizable density
operators)

and the ensemble of entangled states :

[@1) = %(lOA) ® [0s) + [1a) ® [18))  with Pr(1) =
[D2) = %(lOA) ® [0s) — [1a) ® [18))  with Pr(2) =
Ta[p3] = 4

Clearly, Tra[ pa ] does not distiguish between these two ensembles at all.

(Any properly described counter-example is considered a sufficient answer for this
problem.)
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Problem 4
Pa =D Pr(m)[¥m)} ¥l

pg = 2 Pr(n)|@nX®n|

Where mruns over 1,...,Na, where Nj is the number of states [V,) that compose ensemble
A, and nruns over 1,...,Ng, where Ng is the number of states |®,) that compose ensemble



B. Itis important to recognize that Na and Ng are not necessarily equal to the dimension of
the Hilbert space Ny. | will also assume that Pr(m) and Pr(n) are non-zero for all mand n
(since if one of these were zero, the corresponding state would not be in the ensemble).

Let {|i)} be a basis for the Hilbert space. In this case, i runs over 1,...,Ny. Then:
0=TrlpaPs] Z(' (ZF’f(m)I‘PmX‘Pml) (ZPr(n)|cI)n)(ch|) i

= 2_Pr(m) Pf(“)(l [¥ )V ml®@n XPnfi) = 32 Pr(m) Pr(n){@afi il m){(V mi®n)

= 2_Pr(m) Pf(n)@nl(Zli Xi I) [ m)Vml®n) = 22 Pr(m) Pr(n){@n| m XY mi®n)

= 2 Pr(m) Pr(n)k@n¥m)[*

Since Pr(m) and Pr(n) are non-zero, {(Op[Vm) = Oforallmand n. Let Py, = [P )XW for
some m, so that {Pm,1 — P} is a standard measurement. Then measuring with P, gives
the results:

Pr(m n pA) TripaP Z(I (Z; Pl‘(m/)l‘{'mr XYW |) V)X Pmli)
= Z<i|Pr(m>|‘Pm><‘Pm||> = Pr(m) 2 ¥mli)]> > 0

Pr(minpg) = TrlpgPm] = 0

So, for a measurement performed using P, a non-zero result with indicate ensemble A with
absolute certainty. Thus, a standard measurement that can distinguish perfectly between
the corresponding mixed-state preparations has been found.

However, we can do better than this. Let |i) be eigenstates of pg with eigenvalues A;. In
this case, i runs over 1,...,Ny since the eigenvectors must span the space. (By symmetry,
we could also use the eigenstates of p, and obtain similar results.) First notice:

A = (ilpell) = <i|(2 Pr<n>|d>n><d>n|)|i> = S PHKPaf)P

Sothat A; > Ofor alli, and A; = Oiff (Dpfi) = Oforalln
Replacing pg with its spectral decomposition, and taking the trace over the {|i)} basis of the
Hilbert space we have:

0 = Tripupe] = Xil[ X PHWI Yo (Zz,-u><j|)|i> = X Pl

m ] m

i

So, for each i either A; = 0 or (Wnli) = Ofor allm
Thus, we have the condition: (V' n|i) = O for all mor (®,|i) = O for all n for each eigenstate |i)
of pg.
Since these eigenstates are mutually orthogonal and span the Hilbert space, we have a
complete set of projection operators {P; = |iXi| : i = 1,...,Nu} where:

Pr(iinp,) = TrlpsP] = SGI{ SPHmIa¥al Py = PR



0 when i #0
= 0 when A; = 0and (n|i) = Ofor all m
non-zero when 4; = 0and (Vi) = 0 for some m

Pr(iin py) = TrlpgP 2<J|(sz|k><k|)P =4

Thus {P;,1 —P;} for any i with non-zero A; is also a standard measurement that can
distinguish perfectly between the corresponding mixed-state preparations. But, noticing
that:

Z’li = Z(' peli) = Tripg] =1
| |
If we define Pg = > P; (i.e.the projection operator equal to the sum of the P;
{i:2i=0}
corresponding to non-zero eigenvalues A;) and P = 1 — Pg, then {Pa,Pg} is a standard
measurement, and:

Pr(Ainp,) = Tr[paPal = Tr[pa(1 —Ps)] = Tr[p,] - Tr[p,Ps] =1-0=1
Pr(Binp,) = Tr[pAPB] Trip,Ps] =0

Pr(Ainpg) = Tr[pgPa] = Tr[pg(1 —Ps)] = Tr[p,] - Tr[p,Pe] =1-1=0
Pr(Binpg) = TrlpgPsl=1

Thus, a standard measurement that distinguishes perfectly between the corresponding
mixed-state preparations for every measurement performed can also been found.

Problem 5
(@) p = [Vasc X'V nec]
= % (lOAOBOCXOAOBOCl + |OAOBO(:><1A1|31C| + |1AlBlc><OAOBOC| + |1A181C><1A181C|)

Pas = Trelp] = 2 (kelplke) = 5 (I0a08)X0a08|+ [1als)1als])
k=0,1

(b) LetPp = 1A ® 1g ® [0cXO0c| and P1 = 1A ® 15 ® [LcX1c|
PI‘(O) = Tr[pPO] = Tr[%(loAOBOcXOAOBOcl-I- |OAOBOc><1A1|31c|):| =
Pr(l) = Tr[pPl] = Tr[%(llAlglconOBO(:l-l- |1A181C><1A181C|):| =
With post-measurement states:

1
2
1
2

W) = Pol¥ agc) — PolPasc) _ 10,00
| O> J{¥ asc|Pol¥ ac) [Tr[pPg] | AYB C>
|\Pl> _ P1[¥ agc) _ Pil¥asc) _ |1A181C>

JPrecPilPrec)  |[TripPy]

This is consistent with the result from (a) since

% = Pr(0)[¥o )Xol + Pr(1)[¥1)X¥1| = 5(I0a080c 0a080c| + [1alslc)1alplcl)
Pas = TrclpP™] = 5 (10a08 X0a08| + [1a1e)X(1als]) =P g
(C) LetPy = 1A, ® 1 ® |Xc><Xcl and Py =1 R®1g® |yc><ycl
Pr(x) = Tr[pP,] = %
Pry) = Tr[pPy] = %
With post-measurement states:



W) = Jﬁ% = ;’% = 1(10a080c) + [0a051c) + [Lals0c) + [1alplc))

= %(lOAOB) +[1als)) ® [Xc)
[,y = Jﬁ% = % = 1(|0a080c) — [0a081c) — [1ale0c) + [Lalslc))
= %(lOAOB) —[1alg)) ® lyc)
This is consistent with the result from (a) since
P = PrOOM x|+ Proy) [y XYWy |
= 2((I0a08) + [1a18))({0a08| +(1als]) ® Xc)XXc|) + 4 ((10a08) — [1a1s))((0a08| —(1als) ®
Pas = TrelpP™] = (XclpP™Xe) + (yclp™ lyc)
+(10a08) + [1a18))((0a08| +(1als|) + 4 (10a08) — [1a18))((0a08| - (1alg|)
5 (I0a08 X0a08]| + [1a1eX1als]) = Ppg
(d) Assuming equal probabilities for Charlie’s two measurement bases, the ensemble on
Ha ® Hg will be:
Oas) = [0a08)  With Pr(Oas) = +
|1AB> = |1AlB> with Pr(lAB) = %
|XAB> = %(lOAOB> + |1AlB>) with PT(XAB) = %
Vas) = = (10a08) — [1als))  with Pr(yas) = %

g = 7 (108 X(0as |+ [Lag )X Las| + [Xag XXas |+ lyas XYas|)
= 3(I0a08 X008 | + [1ale)X1als]) = P g
We can also use the results from (b) and (c) to write the post-measurement density
operator on Ha ® Hg ® H and its reduced density operator on Ha ® Hg:
pP™ = Pr(01 — basis)p® + Pr(xy — basis)p®¥ = 1p® + 1p¥
PR = Tre[pP™] = 5 ((Ocp®™0c) + (1clp®Lc) + (xclp¥ixc) +(yclplyc))
= s(Pas +Pag) = Pas
So these are all consistent with the result from (a).
If Charlie informs Alice and Bob of which measurement he performed and the outcome,
then the post-measurement state on Hx ® Hpg is completely determined, so Alice and Bob
should change their ensemble description to be probability of 1 in the unique state.
Specifically:
If Charlie measured [Oc) in the 01-basis, then: [0ag) with Pr(Oas) = 1
If Charlie measured |1c) in the 01-basis, then: [1ag) Wwith Pr(1as) = 1
If Charlie measured [xc) in the xy-basis, then: [xag) with Pr(xag) = 1
If Charlie measured |yc) in the xy-basis, then: [yas) with Pr(yag) = 1




