Ph 195c Midterm Solutions:

Problem 1

(a) For the delta-shell potential, the wavefunction in the r = aregions is simply the solution
to the free Schrddinger equation and can be written as Bessel function/Legendre
polynomial expansions (as with all central potential scattering, we only consider the m = 0
terms of the spherical harmonics). The interior (r < a) wavefunction can be expanded in
terms of spherical Bessel functions (the spherical Neumann functions can be dropped since
they diverge atr = 0):

Yint = ZB|(2| + 1)j|(kr)P| (COS@)
1=0
The expansion of the external (r > a) wavefunction is given by:

Wer = N|: (g‘;(ZI + 1)i'ji (kr)P, (cose)) + (g‘;c. 2 + 1)h™ (k)P (cos@)) }

= N[f}((zl +1)i'ji(kr) + Ci (2 + 1HhV (kr) ) Py (cos@):|
1=0

The first line of the exterior expansion shows that this has the correct asymptotic form for
scattering. In particular:

€% = 372l + 1)i'j; (kr)P;(cos)
1=0
and the asymptotic behavior h{" (kr) ~ (—i)'”%r gives the second summation’s behavior:

3 Ci(2 + 1)h{P (kr)P;(cos8) ~ (% S Ci-) @+ 1Py (cos@)) e
I=0 1=0

which, when compared to the scattering asymptotic form:

¥~ N[+ () |

f(@) = + IZ;(ZI +1)€' sin(8 )P, (cosh)

gives the relation:

ICi|> = sin?5,

To find the solution, we must satisfy the boundary conditions term by term. However, we
are only interested in the sswave, so we only need to consider the | = 0 term.

Win(r = @) = Vea(r = @) = N[jo(ka) + Coh{’(ka) ] = Bojo(ka)

limeo j:fi{%(r%w) —10+ 1) - 2 (V(r) - E)¥ = 0} dr

= aZ(Nk[m(ka) +Cohf” (ka) | - Bokjs<ka>) ~ 22 g(Bojo(ka)) = 0

= N[jo(ka) + Coh§”' (ka) ] - Bo(jp(ka) + 22jo(ka)) =0
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Notice if jo(ka) = O (i.e. if ka = nr), then we immediately get: Co = 0 and By = N, which gives
a (swave) wavefunction: Wi-o(T) = Njo(kr) which has no scattering (fxi-o(9) = 0,00 = 0).

Now assuming jo(ka) = O, we get:



Bo = N[jo(ka) + Coh(l)(ka)]l o)

jo(ka) + Coh§ (ka) — (jo(ka) + Coh(l)(ka)) (Lt ﬁ’;f )=o0

1y jo(ka) 1
Co = ﬁzk Jo(ka)[h(  (ka) - ( Jo(ka) ﬁ?k )h( )(ka)}

Now using the definitions of the | = 0 spherical Bessel and Hankel functions: jo(x) = Six
and h(l)(x) = i€~ we get:
ki i ek ki

Co = ﬁzk sm(ka)[e'a +iLs +|(cot(ka)— 1ﬁ2k )e'a]

— —ik

= 22 sin(ka)e™ a[1+|(c;ot(ka) +22) ]
Now we can plug this into the equation for the total scattering cross section (in terms of
partial waves):
oo = %Sinz _ i_ﬂc |2 ( dn?(ka) _ 16zm?g? dn*(ka)

2 - 414
A%k cot(ka)+ ) A%k 1458 cus Y sin(2ka)+ 4"‘ g sn?(ka)

_ dng? Sn4( Zh_mziz Eﬂz)
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Notice that o is finite as E ~ 0 (k » 0) and zero when E ~ £ (i.e. ka » nz) so itis
well-behaved for all positive energies (since these are the only eneries where the behavior
is in question).
There are several different ways you could have solved this problem (for example: using the
ug radial equation rather than the Ry radial equation, using jo(kr) and no(kr) (sintkr) and
cos(kr)) or h§V(kr) and h{? (kr) (e and e ") rather than my jo(kr) and h§" (kr) hybrid, etc.),
but the key point is to make sure that you identify the correct relation between the
coefficients in your solution (after imposing boundary conditions) and the scattering phase
shift 6. Other possible correct forms (with respect to the value of Cy that | found above)
are:

g = 1 + 2Co
) 2
5 — —ICO — 2”\9 sin (ka)
tanoo 1+Co ( e 1+ 2”‘9 sn(ka)cos(ka)

8o = arctan| —2—— | —ka
0 ( cot(ka)+% )

C
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Sin25o = —

(b) The scattering resonances are found where the cross-section peaks, attaining its
maximum value of 6| = i—’;(ZI +1) (i.e. 6; = nr + %). Using one of the relations above, we

see that for the swave Ehis corresponds to Co = —1, which can be further reduced to the
equation: sin(2ka) = —%k. From this we can see that there is a minimum g below which
there are no resonances given by: gnin = % ‘/1 +(3) ? | Additionally, since g is finite,
there will be a finite number of resonances, and the larger the value of g the more
resonances there will be.

As mentioned in part (a), there is a sort of anti-resonance behavior when E = £

2ma?
which are the energies that have zero s-wave scattering (i.e. ka = nx).




If g were negative, you would find poles of the scattering amplitude (in the negative

1 _ —2mE
<= Wherek = /ﬁ—z IS

positive. (Notice this equation shows that there are no poles for the g > 0 case.)

(c) The contribution from | > 0 partial waves is negligible when ka < /I(1+1) ~ 1, so the

Problem 2

(a) 1will denote states in the Hilbert space as L‘P) =IS)® lv) = |s;w). The first thing to do is
examine the potential: V1 = $mo?-)X—|® |T|", where | am using $mw? rather than Lk in
order to save the symbol k for representing the wavenumber. This potential corresponds to
states of positive spin ) being in a free potential and states of negative spin |-) being in a
harmonic oscillator potential. The wavefunctions for the 3-D harmonic oscillator can be
obtained by separation of variables in cartesian coordinates, giving: |ny, ny,n;) =

) ® Iny) ® ) (i-e. Wnonn, (X) = v OWn, (Y)wn,(2)) With energies

Encnyn. = oo (N +ny +nz+ 2 ) for n,ny,n; = 0,1,2,... (you should be familiar with this).
Alternatively, you could obtain the wavefunction in spherical coordinates giving the
eigenfunctions: ynim(X) = Rni(r)Yim(8, @) where Ry (r) = r'fo (r)e”” with g = 22 and

fri(r) = Zakr is defined by the recursion relation: ax., = 23 (k+22)'gkfgl+3) ax fork > 0even, ap

is determlned by normalization, and ax = O for all other k and the energies are

Enim = ho(2n+1+2) fornl =0,1,2... and m=-,-1+1,..., - 1,I. (I expect most of you
are not familiar with this form, but you don’t have to be to solve this problem. It is interesting
to note that this gives another explanation for the energy level degeneracies of the 3-D HO,
d(N) = 828D for E = ho(N+2).) My reason for mentioning the spherical coordinate

eigenfunctions was to specifically make clear that the ground state:
(R = Vieononm0(R) = Wnoromo(R) = (2 ) He5 082) = (2)Hegpr?

isal = m = 0 state (but you could also deduce this from the fact that it has no angular
dependence when written in spherical coordinates).

In order to better demonstrate how to find transition rates (and to double check my results) |
will calculate the transition rate using two different options: transitions to plane waves and

transitions to spherical waves. | will define the continuum states |I_<)> and [k) to be the plane
wave and spherical sswave (respectively) with delta function normalizations:

<Y|T(’> 3lzelkY
(2r) ,
— —/ i([K -K)-% - -/
(FK) = oo ] (7%
(RK) = —jolkr) = -0
(KK = kk jd3Y10(kr)Jo(k’r) = Zj dr[sin(kr)sin(k'r)] = (k- k')

We only need to consider the spherical sswave, because the 3-D HO ground state is a
| = m = 0 state and so has vanishing inner product with spherical harmonic states that do




not have | = m = 0. Taking inner products of these continuum states with the HO ground
state, we have (with | k| = k for the plane wave case):

(0K) = [ax[ rme™ (5) e ] = ()™ [[ dr [[ do [(" dp[ r2singelo=re s ]
_ (2 i )3/427[.'- drl:r e_ﬂr elkrlckorse 71'] _ (253 34 47[." dr[rsn(kr)e‘ﬂf _ (% 3/44Tﬂ|
3/4 2
- (2ﬂﬂ) exp[ 45 ]
(0K = 1073 o 1uto) (2) ] = (2) 2 [ an (S0 co[r2sno 3m1 5
- (2)*2/2 [ dr[rsintkrye™] = (Z)*2y2
/ T >
- ()" el 5|
Where | used the following evaluation of the integral:
| = fooo dr{ rsin(kr)e?’ ] = __Sm(kr)e—ﬂr | 2pf dr [ cos(kr)e ™ |
= Z_kﬂJ‘OOO drl:cos(kr)e—ﬂf :I - Z_ﬂ.[o drl: 1 (elkr +e—|kr)e—ﬂr :I
= Tl(ﬂ(.[ooo dr[ e ] +fo dr[ei"re‘ﬂrz]) = %fl dr[ e ]
= op[-5][7 | ) | = K ep[ 5]

Now it remains to find the density of states for | k> and k).

For |I_<)> we use pr(k,E)dEdk = d3K where k = W is the direction of the wavevector and

dk corresponds to the differential solid angle (I did not want to use Q and dQ since the
symbol Q was already used in W) and E = ¥ to get:

Pf(/k\,E) _ Kk _ Kk _ mk _ JZm*2 2

dEdK ik A2 ne
Finally, we plug everything into Fermi's Golden Rule with [¥o) = |F) ® [0), |V;) = b) ® |T<)>

Ko = kok, and Eo = ﬁ;'f = 3o to get the transition rate:
w(0-Ko) = & Zﬁ—”(hQ)2|<O|T<)O> |2pf(R, Eo)

(e o (R E6)

B of 1 )32 SZm32 —12 > 32 __3/2m¥2 , 3 12
= 2mh? (25 ) " ep[ 5 |2 EY? - 2nh02 320 (2 o)
_ 2/3m o2
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Since we are not looking for transitions to plane waves travelling in a particular direction, we
integrate over the solid angle of wavevector directions, giving:

W(0 > ko) = 25292

Now for the spherlcal swave k), we use p(E)dE = dk and E = £ to get:

—_:_dk —_m _ JM
pf(E) - hzkdk 72k A2 E

Pluggln% into Fermi's Golden Rule with [¥o) = |-) ® [0), [Y«) = k) ® k), and
Eo = 3 ho gives:
w0 ~ ko) 2; Kk WI¥0)[*pi(Eo) = 3= (1) *KOlko)[*p1(Eo)
312 K3n k§ 1 VM =12 312 3o o3 J/M -12
21h02 (5 ) " exp| 55 | Ee™ = 20h2? () et ST (o)
— 83 02

e @




Thus, we get the same result whether we use transitions to plane waves or transitions to
spherical waves (as expected).

(b) First consider the evolution of a general gaussian in free space and in a HO system. In
free space, a gaussian wavepacket simply spreads out, dissipating with time. In the HO
potential, a gaussian obeys a periodic evolution (think squeezed states). The frequency of
transitions between the positive spin (free potential) and negative spin (HO potential) states
are determined by the value of Q.

In the Q > o limit, there is a rapid transition between the positive and negative spin
states. Consequently, the position space wavefunction part of the initial state
[Fo) = ) ® |0) remains essentially unchanged for a while, since the spreading effect of
being in the positive spin free potential occurs at a rate much slower than the rate at which
W flips the spin back from positive to negative. Of course after a long time, the initial state
will dissipate, which is the unavoidable effect of coupling to the free potential continuum.

In the Q < o limit, there is a slow transition between the positive and negative states, so
the rate at which the gaussian wavepacket spreads out is much higher than the rate at
which the spin would flip back from positive to negative. When some of the amplitude of the
initial state [\Vo) = |-) ® |0) leaks into the positive spin free potential, it almost completely
dissipates since you would expect almost no HO ground state left by the time it flips back to
negative spin. Effectively, the decay rate of the initial state is the same as the transition rate
w that we solved for in part (a).

(c) For states |s) ® [v) = |s;w) in the Hilbert space, the potential
+o for |X| <a

V3(X) = (+X|V2|+X) = 0 for|%|>a

0 for|X| <a
+oo for |X| = a

V2(X) = (=X|Ve|5X) = {

(and spin off-diagonal terms of V, being zero) requires that:

w(X) = (Xly) = 0 inthe region |X| < a for states with s = +

w(X) = (Xly) = 0 inthe region |X| > a for states with s = —

Hence, for any two allowed states with different spin, ;) and |- @) (with y (X) = (Xly)
vanishing for |[X| < aand ¢(X) = (Xlp) vanishing for |X| > a), we will have

(ylp) = fy/* (X)@(X)d*X = 0since no overlap is possible. Together with the fact that
(s1lox|S2) = 1— 65,5, this implies:

(Hw W @) = Kok [y (X) 9 (X) d*% = 0

(H W @) = 1ok [y (X) 9 (X) d*% = 0

(W @) = h(-foxk) [y (X) 9 (X) d*% = 0

(v WE @) = h(-foxk) [y (X) 9 (X) d*% = 0

for any allowed y (X) and ¢(X), and so it follows that the transition rate vanishes, since W
is effectively zero when the system has potential V.



Problem 3

The principle quantum number n:

Given by n = N+1+1where N,| = 0,1,... where N is the degree of the w(xr) polynomial
part of the radial solution R, (r) = (xr)'e"w(xr) and | is the orbital angular momentum
guantum number of the angular (spherical harmonic) solution Y, (8, ¢) for the electron
wavefunction in the hydrogen atom’s Coulomb potential. The principle quantum number
can take the values n = 1,2,... and determines the bound state energies: E, = ngnz .
States with quantum number n have possible orbital angular momentum quantum numbers
| =0,...,n—1and so gives rise to the n state degeneracy d(n) = n?.

The five significant angular momenta:

L is the orbital angular momentum of the electron’s wavefunction in the atom. It has
eigenstates given by the spherical harmonics, taking the quantum numbers (eigenvalues)
l=0,1,...

S is the electron spin (intrinsic) angular momentum. There is no meaningful interpretation
of a physical origin of spin in non-relativistic quantum mechanics, and so it is simply
considered an intrinsic form of angular momentum. The electron has spin quantum number
s = <. Electron spin can be distiguished from other (e.g. nuclear) spins by comparing
magnetic moments. The magnetic moment for electron spin is given by:

MS = _mies = geﬁﬂs’#B = _Zime’ge = 2.

J = L + S is the total angular momentum of the electron in an atom.

| is the nuclear spin angular momentum. The nuclear spin quantum number is determined

by the specific atom in question, but in the case of hydrogen, it is the proton spin and has

quantum number 4. The magnetic moment is given by: M, = 22|, 1y = %,gp ~ 5,585.

F=J+1=L+S+Iis the total angular momentum of the atom (in its own frame of
reference).

The fine and hyperfine Hamiltonians:

The fine structure Hamiltonian is the leading order in a correction (specifically :'—; ~ a?)to
the Hamiltonian for an electron i |n a fixed Coulomb potential bound state, so

H = Ho+Hi +... (where Ho = £ +V(r) = 2 — £). It can be broken down into three
terms:

Hf = Wmv + W& + WD

Wy = — ™ 3 = is the "variation of mass with velocity” term. It represents the leading order
relativistic correctlon to the n4on-re|at|V|st|c kinetic energy term:

2me  gmgc?

Wgp = 2100 .5 = 92 L - Siis the "spin-orbit coupling” term. It represents the

mgc2 T
interaction of the magnetlc moment of the electron spin with the magnetic field that arises in
the electron’s frame of reference as a result of motion in the Coulomb potential electric field.



Wp = - V2\/(r) = — 222 53(7) is the Darwin term. This term is the leading order

8mac? 2mac?
correction from the Dirac equation, and manifests itself as a non-local interaction between
the electron and the Coulomb field (despite the fact that the Dirac equation interaction is
completely local).
The hyperfine structure Hamiltonian are the corrections that arise as a result of considering
the nuclear spin and its resulting magnetic field. The hyperfine Hamiltonian is about three
orders of magnitude smaller than fine structure Hamiltonian.

Hir = 52 {-=25L - M\ + L[3(Ms - n)(M; - n) = Ms - M ] + E=Ms - Mi33(T) }

4r mer3

The first term represents the interaction of the nuclear spin magnetic moment with the
magnetic field created by the motion of the electron. The second term represents the
dipole-dipole interaction between nuclear and electron spin magnetic moments. The third
term represents the interaction of the electron spin magnetic moment with the magnetic field
inside the proton.



