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Recap and linear algebra review

Projection operators
Let’s chose an arbitrary pair of kets in a 2-dimensional state space:

[We) = cxX) +¢yly) < ( & ),
Cy

dx
['Va) = du|x) +dyly) < ( )
dy

Recall that normalization requires |cx|? + |cy|? = |dx[?> + |dy|* = 1.
The inner product between these two states is given by

(We|Wq) = ( ci ¢ )( :x )
y

= Cxdy + Cydy.

This inner product is the complex generalization of the familiar “dot product” between
vectors in a real Hilbert space:

- b = aby +ayby = [alb|coss,
where 6 is the included angle.
Since the norms of physical states are required to be 1, we can think of the inner product as
defining a kind of generalized “angle” between state vectors:

(WelWa) ~ cosc.

In particular, (\V¢|V4) = 0 implies that the two states are orthogonal, and (¢ |Vq4) =1
implies that ¥ and W4 are the same state. Of course, the inner product between two states

is generally a complex number, but we can still think of (P |4 )|* as being a quantitative
measure of the “relative orthogonality” of ¥, and Wy.

(Yc|Wq) is often called the “overlap” between Y. and Y.
The projection operator corresponding to a state ‘¢ is given by
Pc = |‘Pc><‘{]c |
Let’s look at the expectation value of P with respect to a state W:
(PalPc|Wa) = (Pal|'VeX Ve llWa)

= (YelVYa))"(YelYa))

= |<‘Pc|‘¥’d>|2-
Hence, P. is basically an operator that measures the overlap of other states with ‘..
If we just let P, act on a state W4 as an operator,



PC|‘Pd> = |‘Pc X‘Pcryd)
~ cosé|We ).

In vector-speak, this is something like the “component of ¥4 along ‘V'.” or the projection of
Y4 on ¥c. Hence the name.

At this point it should be clear why P2 = P, right?

Spectral decomposition of a normal operator

“Normal” operators are defined as those operators which satisfy
[N,N']=NN'-N'N = 0.

Clearly, Hermitian (N = N') and unitary (N'N = NN' = 1) operators are normal.

In a finite-dimensional vector space, every normal operator has a complete set of
orthonormal eigenvectors (see Merzbacher §10.1).

If A is an eigenvalue of the operator O4 and |i%) is an associated eigenstate,

Oqlid) = A%Ji%).
If Oq is a normal operator, its eigenstates {|i9)} can serve as a complete set of
orthonormal basis kets for the Hilbert space. [n.b., If O4 has repeated eigenvalues, we have

to diagonalize inside the degenerate subspaces in order to get a good set.] That is, every
state in the state space can be decomposed in the form:

[We) = D cili®),
e =1

Let’s think about the action of Oy in this basis:

Og|'Ye) = OqZCi“q)
i
= > cogli%)
i
=D ciAffi).
Likewise, let’s think of the action of the projectilon operators

Pl = fiXi1]
in this basis:
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PAWe) = [19Xi9 D cyli)
- Zciwiqlxiqui’%
= 2.l
= zljci,nqys(i,i’)

Ciliq>. 13

Hence, we see that
OqlWe) = D AP ). 14
i

Since this is true for any state ¥, and since the algebra we have just done is
basis-independent, we have that

Oq = D AIPY. 15
i

This decomposition is called the spectral decomposition of the operator Og.

Back to matrix notation

Let’s go through an example in two-dimensional Hilbert space, mainly in order to illustrate
how the above algebra works in matrix notation. This example may also convince you that
bras and kets do a really good job of hiding messy details regarding changes of basis...

Suppose we choose a pair of basis kets for the Hilbert space, |x) and |y). Hence, an
arbitrary state |V ) can be decomposed into

[Ve) = cx|X) +cyly), 16
with |« + |cy|* = 1. Once we agree that the basis kets are fixed, we can introduce the

vector notation
c
Yeyo | ™ | 17
Cy

Now suppose we have a normal operator O, with eigenvalues 1, and Ay, and
corresponding (orthonormal) eigenstates

Ay
|a) = ax[x) +ayly) < ( )
ay

by
Ib) = bx|x) + byly) < ( b ) 18

y

We can derive the matrix representation (in the x,y basis) for the projection operators
corresponding to these eigenvectors:



a lax|? axal
Pa=laXal=| (& & )=| " 7]
ay ayay |ay]

2 *
Py = [bXb]| = bx (b;; bt )= Iox™ bxby ) 19
by bybs  |by[?

We can thus compute the matrix representation of O via spectral decomposition:
ax|? acal b|? bxbi
0 < Aa | SR x| . 20
ayax [ayl bybs  [byl

Diagonal form of a normal operator

Another interesting way to compute the matrix representation is by constructing the
“diagonal form” of O. Using O to denote the matrix representation of the operator O, we can

<

write
a a
ay ay
b
of ™ |- Al | 21
by by
Hence,
O a)( b)( _ )vaax )vbb)( _ a)( b)( )va O . 22
Note that the matrix whose columns are the orthnormal eigenvectors (let's call it S) of a
normal operator is itself unitary:
a; aj ax by | [ P+l atbi+ajby | L 93
by b a, by auby +ayby  box? + by ’
S =8t
Hence, we can multiply equation (22) by S from the right, to yield
O =SAS?, 24

where

y)
A= a O 25
0 A

is the diagonal matrix of eigenvalues. The existence of the factorization (24) for every
normal matrix O, with Sa unitary matrix whose columns are the eigenvectors of O, is called
the Spectral Theorem. Since Scan be viewed as a “transformation matrix” that changes the
original x,y basis into the a, b basis, this theorem expresses the fact that a matrix is diagonal
in its own eigenbasis (provided that basis exists and is complete and orthnormal).

Note that this decomposition is quite useful. For example, it gives us a closed form for



arbitrary powers of normal matrices:

O" = (SASH"
= (SAS1)(SAS)(SAS ) #
= SA"S!
A0 0
=S| 0 A} 0o |S% 26
0 0

Of course, we can do a similar trick with our operator version of the spectral decomposition:
n
o" = (Zzilixi I)
i
=D AN | 27
i

If you don’t see this right away, write it out as an exercise...

Nonorthogonality and imperfect distinguishability

The following simple example is intended to highlight our first genuine example of a
mysterious property of quantum mechanics that follows directly from the rules for
representation and prediction.

Let’s continue to think about our nice simple two-dimensional Hilbert space with basis kets
[x)and |y).
Given an arbitrary pair of states

['Fe) = Cx|X) +cyly),

[Va) = dx|x)+dyly), 28

under what conditions is it possible to find a (standard) measurement that can distinguish
them with zero probability of error?

Recall that a standard measurement is specified by a complete set of orthogonal projectors.
Since for now we are working in just two dimensions, we actually only need to specify a
single ket |¢ ). Then unambiguously,

Pi=19X4]
P,=1-P;. 29
In the current scenario, we are trying to pick |¢ ) such that
Pr(l|c) = (Yc[Pa|Vc) = 1,
Pr(1|d) = (Wa[P1|¥a) =0,
Pr(2|c) = (Yc[P2|'Yc) = 0,

Pr(2|d) = (W¥q[P2|'Yq) = 1. 30
In order to satisfy the first condition, we clearly need to choose
|9} = [Fe). 31

As a consequence



Pr(1ld) = (Wa[P1|Pa) = |cidx +cydy [, 32

and we find that our two states ¥ and W4 are not perfectly distinguishable unless they
have zero overlap:

Pr(1]d) = 0 iff (Wc|W¥q)=0O. 33

Hopefully it should be clear that among all possible pairs of vectors in a Hilbert space, only
a vanishing fraction are orthogonal!
And yet, according to our quantum representation rule, every vector in the Hilbert space
corresponds to a distinct physical state of the system — that is, to a distinct preparation
procedure.
Even though quantum measurement theory allows for non-projective measurements (see
third term of this course), it is nonetheless a theorem that
e No measurement can distinguish nonorthogonal states, with zero probability of error,

in a single trial.
It is a profound mystery that quantum mechanics presents us with such a huge space of
possible physical states without allowing us perfectly to distinguish between them. Why is it
that we can “put more information into” the preparation of a quantum system than we can
“get back out” in a single measurement of that very same system?
In a sense it's embarassing that we don’t yet have a good answer, but some of the most
insightful scientists | know believe that this is the single most important question for
contemporary research in quantum theory.



