Study problems for 10/10

0. In equation (4) from the lecture notes for 10/3, explain the difference between the strict
meaning of the angled-brackets on the left and right hand sides of the equation

(") =(0").

1. Suppose we have a two-dimensional quantum system, prepared in the initial state

0
I'P(0)) = ( 1 )

It is not known whether the Hamiltonian for this system corresponds to Ha = 4@ a0 OF
Hg = hwgoy, Where
01
Oy =
10
and oap are real-valued scalars.
We would like to determine which Hamiltonian is correct, by letting the system evolve for a

time = and then performing a measurement on the system state |\V'(r) ). What is the earliest
time 7, at which this determination can be made with zero probability of error?

2. For this problem we’ll work in a three-dimensional Hilbert space, with basis kets |x), |y),
and |z). Suppose we prepare the following ensemble of quantum states:

50% |x),

20% %uxmm,
20% %[IXHIZ)],
10% %na—m]-

Find the ensemble of three mutually-orthogonal states whose density operator is identical to
that of the above four-membered ensemble. (Note that it's okay to use computer software
for this problem)

4. In a two-dimensional Hilbert space with basis kets |x) and |y), let
[¥1) = =)+ y)],

2
p1= Y1 X¥1],
p2 = FIXXXI+lyXy Il

Find a standard measurement by which p; can sometimes be distinguished from p, with



absolute certainty.

5. Merzbacher, exercise 10.6: Show that if A and B are commuting observables, then B has
no nonvanishing matrix elements between eigenstates corresponding to different
eigenvalues of A. In other words, if

Ality = 28[i%),

Ali%y = 271%),
and A = A%, then

(i*Bli*) = 0.

If B is a Hamiltonian operator, what can we infer about the time evolution of moments of A?

6. In finite dimensions, is it possible to have a pair of normal operators whose commutator is
proportional to the identity?



