
Ph195a lecture notes, 11/14/01

Today’s lecture follows Cohen-Tannoudji, Diu, and Laloe, Chapter IV.

[Cohen-Tannoudji et al, Ch. IV Figure 1]

W = −μ⃗ ⋅ B⃗

F⃗ = −∇W

= ∇ μ⃗ ⋅ B⃗

μ⃗ = γS⃗

Γ⃗ = μ⃗ × B⃗

[Cohen-Tannoudji et al, Ch. IV Figure 2]
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Due to precessional averaging of transverse components,

F⃗ = ∇μzBz .

Quantum description:

|Ψ 〉 ∈ H2

H2 = span| + 〉, | − 〉

〈 + | + 〉 = 〈 − | − 〉 = 1,

〈 + | − 〉 = 0.
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Sz = +
ℏ

2
| + 〉〈 + | − ℏ

2
| − 〉〈 − |.

=
ℏ

2
1 0

0 −1
.

Sx =
ℏ

2
0 1

1 0
,

= +
ℏ

2
| +x 〉〈 +x | − ℏ

2
| −x 〉〈 −x |

| +x 〉 = 1
2

| + 〉 + | − 〉,

| −x 〉 = 1
2

| + 〉 − | − 〉,

Sy =
ℏ

2
0 −i

i 0
,

= +
ℏ

2
| +y 〉〈 +y | − ℏ

2
| −y 〉〈 −y |

| +y 〉 = 1
2

| + 〉 + i| − 〉,

| −x 〉 = 1
2

| + 〉 − i| − 〉.

[Cohen-Tannoudji et al, Ch. IV Figure 4]
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Su = Sx sinθcosφ + Sy sinθ sinφ + Sz cosθ

=
ℏ

2
cosθ sinθexp−iφ

sinθexp+iφ −cosθ
,

| +u 〉 = cos θ
2

exp−iφ/2| + 〉 + sin θ
2

exp+iφ/2| − 〉,

| −u 〉 = − sin θ
2

exp−iφ/2| + 〉 + cos θ
2

exp+iφ/2| − 〉.

Dynamics in the quantum theory:

W = −μ⃗ ⋅ B⃗,

μ⃗ = γS⃗,

H = −μ⃗ ⋅ B⃗

μ⃗ = γSxx̂ + Sy• + Szẑ,

≡ γS⃗

H = −γSxBx + SyBy + SzBz .

Let’s think about B⃗ = B0 ẑ. Then
H = −γB0Sz

= ω0Sz,

ω0 ≡ −γB0,

where ω0 is called the “Larmor frequency.”
Think about SE:

iℏ d
dt

|Ψ 〉 = H |Ψ 〉

with |Ψ0 〉 = | + 〉. Then

iℏ d
dt

|Ψ 〉 =
ℏω0

2
| + 〉〈 + | − | − 〉〈 − ||Ψ 〉

d
dt

| + 〉 =
−iω0

2
| + 〉

|Ψt 〉 = exp−iω0t/2| + 〉.

What about |Ψ0 〉 = | +x 〉?

| +x 〉 = 1
2

| + 〉 + | − 〉,

|Ψ0 〉 = | +x 〉

|Ψt 〉 = 1
2

exp−iω0t/2| + 〉 + expiω0t/2| − 〉.

Recalling the general expression:

| +u 〉 = cos θ
2

exp−iφ/2| + 〉 + sin θ
2

exp+iφ/2| − 〉,

Apparently θ = π/2 always, and φ = ω0t.
And for |Ψ0〉 = | +u 〉 = cos θ

2 exp−iφ/2| + 〉 + sin θ

2 exp+iφ/2| − 〉, for some arbitrary θ and
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φ,

|Ψt 〉 = cos θ
2

exp−iφ/2exp−iω0t/2| + 〉 + sin θ
2

exp+iφ/2expiω0t/2| − 〉

= cos θ
2

exp−iφ + ω0t/2| + 〉 + sin θ
2

exp+iφ + ω0t/2| − 〉,

again we see θ is constant, φ increases linearly with t.

Let’s now consider

H = H0 + W,

where
H0 = ω0Sz

=
ℏω0

2
1 0

0 −1

and we let W be something completely arbitrary,

W =
W11 W12

W21 W22

in the z basis. Then the total Hamiltonian is

H =
E1 + W11 W12

W21 E2 + W22

,

E1 = ℏω0/2, E2 = −ℏω0/2,

which can analytically be solved to find

E+ =
1
2
E1 + W11 + E2 + W22  +

1
2

E1 + W11 − E2 − W22 
2
+ 4|W12 |2 ,

E+ =
1
2
E1 + W11 + E2 + W22  −

1
2

E1 + W11 − E2 − W22 
2
+ 4|W12 |2 .

If we simplify to W11 = W22 = 0, we find

E± = Em ± Δ
2
+ |W12 |2 ,

Em ≡
1
2
E1 + E2 ,

Δ ≡
1
2
E1 − E2 .

Assuming |W12 | ≪ Δ (which for us would be Bx ≪ Bz), then

E± = Em ± Δ 1 + 1
2

|W12 |
Δ

2

+⋯ .

Generally gives “anti-crossing” diagram [Cohen-Tannoudji et al, Ch. IV Figure 11]:

5



6


