Coherent-feedback formulation of a continuous quantum error correction protocol
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We propose an approach to quantum error correction based on coding and continuous syndrome
readout via scattering of coherent probe fields, in which the usual steps of measurement and dis-
crete restoration are replaced by unitary processing of the probe beams and coherent feedback to
the register qubits. We exploit a limit theorem for quantum stochastic differential equations to an-
alyze coherent feedback networks based on the bit-flip/phase-flip code, obtaining simple closed-loop
master equations with only four Hilbert-space dimensions required for the controller. Our approach
is well matched to physical implementations that feature solid-state qubits embedded in planar

electromagnetic circuits.
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Fundamental concepts of quantum error correction
(QEC) based on coding and measurement of syn-
dromes [1] have become central to the modern field of
quantum information science. Although substantial work
is still being devoted to extensions and refinements of ab-
stract QEC theory, some efforts [2-4] have begun to focus
on the complementary task of developing implementa-
tion approaches that apply the fundamental principles
of QEC in ways that naturally accommodate the struc-
ture of elementary physical models. Such new approaches
could enable the design of quantum memories that make
more efficient use of critical physical resources and intro-
duce new physically-motivated abstractions for quantum
circuit engineering to complement those we have inher-
ited from classical computer science.

Working in this spirit, we recently proposed [5] a cavity
quantum electrodynamics (cavity QED) implementation
of the homodyne-type parity measurement required for
a continuous-QEC [6-12] version of the familiar three-
qubit bit-flip or phase-flip codes, which becomes very
simple to model in a strong coupling limit. In this ar-
ticle we take the further step of describing coherent feed-
back networks that realize quantum memories in which
decoherence of the encoded qubit is suppressed without
the need for any measurement-based filtering or feed-
back. Our results establish an important new link be-
tween quantum information science and the nascent the-
ory of coherent-feedback quantum control [13-16], and
highlight the possibility of incorporating ‘embedded con-
trollers’ in quantum information processing platforms
based on optical or microwave resonator/waveguide cir-
cuits [17-19]. The modeling framework that we uti-
lize, based on quantum stochastic differential equations
(QSDE’s), is sufficiently general to allow the incorpora-
tion of signal fields that carry information simultaneously
in non-commuting quadratures. While this is not strictly
necessary for the type of scheme we consider here, which
simply allocates one probe field per stabilizer generator,
it is possible that future work in this setting could ex-
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FIG. 1: Schematic diagram of a coherent-feedback quantum
memory showing qubits-in-cavities (Q1, Q2 and Q3), circula-
tors, beam-splitters, steering mirrors and relays (R1 and R2).
The calculation we present is based on a modified arrange-
ment that leads to the same closed-loop master equation but
factorizes into four simple sub-networks.

plore more general quantum memory architectures with
reduced resource overhead.

We begin the presentation of our approach with the
schematic diagram shown in Fig. 1. For a memory based
on the bit-flip or phase-flip code, three register qubits
(Q1, Q2 and Q3) are required and we assume that each
is strongly coupled to its own electromagnetic resonator
(cavity). Two probe beams and two reference beams
are generated from a coherent input |2a) (where |a|?
has units photons time~!); the probe beams scatter (re-
flect) from the cavities as shown in the diagram. As de-
scribed in [5] the beam that scatters from qubit-cavities
Q2 and Q1 carries a coherent amplitude aZ; Z,, where
Z; is the Pauli o, operator on qubit ¢, and when it is
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FIG. 2: Level diagrams for pre-limit models of (a) Z probe
interaction, (b) X probe interaction.

recombined with one of the reference beams at a beam-
splitter the two output ports carry coherent amplitudes
(147, Z5)/+/2. These two signals are used as set and re-
set inputs to a flip-flop relay (see below) that controls the
routing of a coherent beam with amplitude § and a dis-
tinct frequency from that of the probe beams, sending it
either directly to Q3 or to a beam-splitter that evenly di-
vides its power between Q1 and Q2. Similarly, the other
probe and reference beam generate ol + Z375)/v/2,
which are used as inputs to a relay that controls the rout-
ing of another frequency-shifted beam with amplitude g,
sending it either directly to Q1 or splitting its power be-
tween Q2 and Q3. As a result the illumination condi-
tions for driving a Raman transition are completed on at
most one qubit, depending on the values of the syndrome
generators 7y Zo and Z3Zs (below we will discuss an ad-
ditional mechanism for compensation of ac Stark shifts).
This feedback protocol turns on a corrective bit-flipping
Hamiltonian for any qubit that the probes indicate as
having experienced an error.

This coherent feedback network thus implements a
continuous version of the usual discrete-step strategy. In
our scheme « and ( take the place of the discrete de-
sign parameter 7, the time interval between executions
of the circuit that implements syndrome measurement
and unitary restoration. Note that clocked execution of
a special measurement /restoration circuit is not required
in our approach—with the physical component models
described below, the operation of the coherent controller
is stationary in the sense that «, 3, and all Hamiltonian
coupling constants are constant in time. Other than the
coherent field inputs no interfacing to external detectors
or electronics is required for our scheme. As long as the
relays can be implemented in the same hardware plat-
form as the register qubits, the coherent controller can
be entirely ‘on-chip.” In this sense it is roughly analogous
to the impedance network in a feedback loop around an
electronic operational amplifier, which tunes and stabi-
lizes its frequency response, or to the dynamic mechanical
components utilized in James Watt’s flyball governor.

Although we have referred to Q1, Q2 and Q3 thus far
as qubits, we actually need to utilize a multi-level inter-
nal structure to facilitate both the probe interactions and
the Raman (corrective) bit-flips. Fig. 2(a) shows the level

structure required for a bit-flip memory, and Fig. 2(b) for
a phase-flip memory. In the bit-flip implementation, we
assume that each qubit is strongly coupled to a single-
mode, single-sided cavity on its |g) < |e) transition as
discussed in [5]. As a result, the phase acquired on reflec-
tion by a probe beam is 0 if the qubit is in state |g) and 7
if it is in |h). While details of the probe-qubit interaction
can be investigated for any desired physical parameters
using the familiar cavity QED master equation, for our
network calculation we will utilize a simple abstraction
obtained as the vacuum Rabi frequency g, and cavity
field decay rate &, are taken to infinity (strong coupling
limit) with g,/k, fixed. The simplified model is derived
using a QSDE limit theorem [20] following a similar pro-
cedure to that of [5]. In the phase-flip scenario we modify
the scheme by assuming a linearly polarized cavity mode
(as in a micro-disk or photonic crystal resonator) that
couples to both a o_ transition from |g) < |e) and a o
transition from |h) < |e).

For use below we define the resulting bit-flip probe
interaction models Q135 = (Z1,0,0), Q21 = Qa4 =
(Z2,0,0), Q31 = (Z3,0,0) (modifications for the phase-
flip scenario will be discussed in conjunction with the
full closed-loop master equation). Here we are sum-
marizing quantum input-output models in terms of the
(S, L, H) coefficients for the evolution of a QSDE right-
propagator [21]. A summary of the QSDE formalism is
beyond our present scope, but to provide some intuition
we note that the (S, L, H) coefficients play a similar role
in the theory of open quantum systems to that of S-
parameters in electrical circuit design. For the Raman
transitions,

§@Qu) — 1 L(Qm:ﬁ(gégluaégn)’
@ — A(%chzl)_H(GQl)),
§(@i2) — 1 L(Qu):ﬁ(aggluaé%l))’
@) — A (%m@n —H&?”),

and (S, L, H) for Q22 and Q32 correspond to those of Q11
with all operators on @)1 replaced by operators on Q2 and
Qs, respectively; (S, L, H) for Q23 and Q33 correspond
to those of Q12 with all operators on () replaced by op-
erators on Q2 and 3, respectively. Here Hl(cc) and a§g)
represent |k)(k| and |j)(k| on the Hilbert space of com-
ponent C. Note that we have included two extra qubit
levels |G) and |H) with equal but opposite detuning to
that of |r), plus extra coupling terms between |g) < |G),
driven only by one of the Raman beams, and |h) < |H),
driven only by the other. The purpose of these terms
is to compensate for ac Stark shifts that occur in our
scheme. Here we have added couplings of the (theoreti-
cally) simplest possible form to accomplish such compen-
sation, which require a somewhat awkward level scheme,
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FIG. 3: Details of the ‘set-reset flip-flop cross-over relay’ com-
ponent model [22]: (a) input and output ports, (b) coupling
of input/output fields to resonant modes of two cavities, and
(c) relay internal level diagram.

but in a practical implementation it would be possible to
utilize double-pole double-throw relays that switch not
only the Raman beam itself but also an auxiliary beam
whose frequency, polarization and amplitude is chosen so
that it provides equivalent compensation.

Some details of our relay model are displayed in Fig. 3
[22]. In electrical engineering parlance, the devices we
utilize correspond to open quantum systems versions of a
cross-over relay driven by a set-reset flip-flop. Each relay
Ry has an internal state in the span of {|g(g,)), |(r,))}-
When Ry, is in state |h(g,)) its power input is connected
to the OUT output port; when Ry is in state |g(r,)) its
power input is connected to the OUT port. A probe
signal driving the SET input port (in the absence of sig-
nal at the RESET input) causes the relay state to decay
to |h), while driving only the RESET input induces de-
cay to |g). Starting from a pre-limit cavity QED model
in which transitions among relay states are coupled via
the usual Jaynes-Cummings interaction to cavity modes,
which are in turn driven by the relay input fields as shown
in Fig. 3(b,c), we perform an adiabatic elimination of the
excited states {|e), |s)} using the limit theorem of [20] to
arrive at the following simplified component models for

relays Ry and Ras:
R R R
S(Rkl) _ H-SJ © _Hgl g L(Rm) — ﬁHSJ »)
_HEIRIC) Hégk ) _ﬁnng)
(Rk) (Rk)
g — | Hn " —ong” L(Be2) —
(Rk) Ry, ’
“Ign Hg

and Hx) = F(Br2) — (. For the strong coupling limit
we have again taken gp s », Kps,r — 00 With gp/kp fixed
for the POWER cavity mode and g2 ,./k,,, fixed for the
SET and RESET cavity modes.

In addition to the above qubit and relay models, we
will utilize the following component models for beam-

splitters:
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with ap = o for £ € {1,2} and zero otherwise. Hav-
ing now defined all the necessary component models,
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FIG. 4: Signal-flow diagram of the half-network G, B Gy.

we proceed to assemble the full network model N =
G, BG;BG, BG, BGr. Here Gr = (VI'X1,0,0) B
(VT X5,0,0) B (vVTX3,0,0) describes bit-flip decoher-
ence of the register qubits, and the component connec-
tions for G, B G are shown in Fig. 4 (note that as the
signal routing shown in Fig. 1 yields rather unwieldy
network calculations, we are here adopting a modified
routing that leads to the same closed-loop master equa-
tion with less work). Components {B;, Bs, B} repre-
sent beam-splitters, {Rj1, R12} jointly represent a set-
reset flip-flop relay, {Q13,@21} are probe interactions,
and {Q11, @22, @32} are Raman interactions. Using the
series <1 and concatenation B products for QSDE’s [21]
(where H,, represents concatenation followed by a per-
mutation of the field mode indices such that the modes
of the system to the right of H,,, are inserted between the
(m — 1) and m'* modes of the left system), we define

Gy =
Gy =

Rio <« B3« ((QlS < Qzl) H (1,0,0)) < By,
(Q11 B Q32 8 Q22) < (Bs B2 (1,0,0))

Here G, represents the ‘probe’ signal path while G'f rep-
resents the ‘feedback’ signal path; despite the fact that
the QSDE coefficients of these two paths can be com-
puted separately, a true feedback loop is created by the
signal connection from Q13 to Bs because Ry; and Rjo
act on a common Hilbert space (the state of the relay).
The models for G}, and G’ are finally obtained from
G, and Gy by the substitutions By — Bj, B3 — By,
Ri2 +— Ras, Ri1 — Ro1, By — Bg, Qu — Qas,
Q22 — 33, Q32 — Q12, Q21 — Q24, Q13 — Q31.

After inserting the bit-flip component models de-
scribed above and applying an adiabatic elimination of
the qubit excited states |r), |G) and |H) (using the limit
theorem of [20] with 8,A — oo with 3?/A fixed), we
obtain the closed-loop master equation

7
pr=—ilH,p]+ Y <LiptLi — 51l Li,Pt}) , (2)
=1
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FIG. 5: Decay of fidelity, (Uo|p¢|¥o), for « = 10, I' = 0.01
and several values of the feedback parameter Q = 32/yA.

where (2 = 32/7A)

H = v2orimni®™ x, + vaornfe) x,
_QH(Rl)H(Rz)X%

L, = 7{ (Rl)(l + Z1Z5) + HgRl) — Z175) }
— & [ B (R1)(
Lo \/5{ (1= Z1Zs) + ™) (1 + 7, Z5) }
_ & [ (R <R2>
L = NG { (1+ Z3Zy) + 11, — Z3Z) }
— & [ (B (Ra) (
Ly \/5{ (1= ZsZo) + TI) (1 + Z Z5) }
Ls = VTX1, Ls=+VTXs, L;=+vTXs. (3)

Note that several L; terms corresponding to strong de-
phasing of the relay states have been omitted as they
have no effect on the dynamics. An analogous procedure
using the phase-flip component models leads to a mas-
ter equation with the substitutions Z; < X, and indeed
from the general structure of Eq. (3) it is straightforward
to intuit master equations that correspond abstractly to
memories based on other stabilizer codes.

In Fig. 5 we display some illustrative numerical inte-
grations [23] of Eq. (2) for the bit-flip scenario. With the
flip rate set to I' = 0.01 (per qubit) and the probe am-
plitude fixed at a = 10, the feedback amplitude is varied
from © = 0 (no feedback) to @ = 90. The initial state of
the qubit register is chosen as [¥o) = (|ggg)—i|hhh))/V/2,
po = |P0){(Ty|, and the fidelity decay (¥o|p|¥o) is com-
puted to quantify the decoherence suppression achieved
by the coherent feedback loop. With © = 0 the fidelity
decay is identical to that of the three-qubit register with-
out any measurement or feedback, while for larger values
of Q the fidelity of the encoded qubit is clearly improved
relative to what it would be for a bare qubit.

In conclusion, we have described a novel approach to
continuous quantum error correction based on station-

ary coherent feedback. Our scheme may match well
with hardware implementations that feature solid-state
qubits embedded in planar circuits of electromagnetic
resonators and wave-guides, and establishes important
new connections between QEC and coherent-feedback
quantum control theory. While our current results are
limited to the bit/phase-flip scenarios, we hope in fu-
ture work to find ways to combine bit-flip and phase-flip
probe interactions (possibly employing either the five-
qubit code [1] or Bacon-Shor subsystem code [24]) to de-
sign feedback networks that can correct arbitrary single-
qubit errors. We also hope to exploit the capacity of co-
herent signal fields to carry syndrome information simul-
taneously in two quadratures to enable more resource-
efficient implementations of coherent-feedback QEC.
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