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Abstract. The goal of this article is to provide a largely self-contained
intro duction to the modeling of controlled quantum systems under contin uous
observation, and to the design of feedbad controls that prepare particular
guantum states. We describe a bottom-up approach, where a eld-theoretic model
is subjected to statistical inference and is ultimately controlled. As an example,
the formalism is applied to a highly idealized interaction of an atomic ensenble
with an optical eld. Our aim is to provide a unied outline for the modeling,
from rst principles, of realistic experiments in quantum control.

PACS numbers: 0.0

1. Intro duction

In recert years, advancesin technology have enabled a proliferation of experiments
where objects can be probed and manipulated near the fundamental quantum limits
of performance. The manipulation and readout of single qubits with unprecedened
coherencetimes both in condensedmatter and in atomic setups,the reliable trapping,
cooling and shot-noiselimited cortinuous obsenation of single atoms in high- nesse
optical cavities, and the production of various nonclassicalstatesof light and of atomic
ensenblesis only a subsetof recert achievemernts. The large degreeof cortrol that can
be exerted at the quantum level suggeststhat classicalengineeringmethodology can
be fruitfully adapted to this new setting. In particular, it seemsthat the concept of
feedbad control shouldbe of certral importancein the engineeringof reliable quantum
technologies,asin the classicalcase.

This article is intended as an introduction to the theoretical description of
quantum feedbak control systems. We concerirate on a scenariothat is common
in quantum optical experimerts, wherethe systemto be controlled is brought in weak
interaction with an external probe eld which is subsequetly detected. The detected
signal canthen be processedand fed badk to the systemthrough someactuator. There
are various theoretical challengesin describing such a system:

How doesone model the system-probe interaction?
How doesone model a cortin uous measuremetn of the probe?
How doesone infer information on the systemfrom the probe measuremets?

How does one design a feedbak law that utilizes this information to achieve a
particular cortrol goal?
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In the following we will addressead of these questionsin turn. Needlessto say, it
would be impossibleto cover every aspect and intricacy of ead of these questions
within the scope of this article; rather, we aim to give a su cien tly detailed discussion
to keepthe article (mostly) self-contained, and refer to the bibliography for complete
treatments.

As an example throughout the article, we discussthe preparation of entangled
statesof an atomic ensenble using feedbad control. The model consistsof an ensenble
of atomic spins interacting dispersively with an optical probe, which is subjected to
homodyne detection. Seweral recert experiments have exploited a similar setup to
produce spin-squeezedstates (SSS)[28,30,47] which have applications in a variety of
metrology tasks, including magnetometers[29,65] and atomic clocks [50,59,76].

We consider this model becauseit is illustrativ e in seweral respects. First, the
model spanstwo quite di erent and interesting regimes. At short times the dynamics
are approximately linear [65]and the model describesthe production of spin squeezing.
However, at long times the linear description is no longer valid, and we will shaw that
then an eigenstateof the collective angular momertum of the ensenble (a Dicke state)
is obtained. Although the long time limit described by this model is di cult to realize
experimentally at this time, the consideration of the substartial di erences between
the regimesclearly demonstratesthe challengesof quantum control. Second,the model
is a corveniert example to demonstrate the modeling of a quantum cortrol system
from rst principles. Ultimately, by approacing the ertire problem|from physical
modeling to inferenceto cortroljin  a systematicmanner, we hopeto provide a uni ed
outline for future modeling e orts.

The article is roughly divided into two parts. The rst part, consistingof sections
2, 3 and 4, is somewhattechnical in nature. Its goalis to obtain from rst principles,
usinga simpli ed eld-theoretical model of the interaction of an atomic ensenble with
a probe eld, the quantum Itering equation (52). To this end, we begin by reviewing
in section 2 the statistical inference of quantum states. In section 3 we introduce a
eld-theoretical model of an atomic ensenble coupled to an electromagnetic probe
eld, and we discusshow it can be reducedto a stochastic equation. In section 4 we
detail how to properly condition the ensenble state upon the results from cortin uous
optical measuremets in the eld.

The secondpart, section 5, preseris general principles of feedbad& control and
demonstrates how they can be applied to enable quantum state preparation. This
procedureis discussedin both the short time limit, where a linear approximation is
valid, and in the long time limit, where a more complete description is required [66].
Section 5 is fairly independert from the rst part of the article, and a reader who
has somefamiliarit y with the Itering equation, Eq. (52), could skip directly aheadto
this section. We have attempted, howewer, to give in sections2{5 a unied picture of
quantum feedbadk control design,from the elemenary physical interactions through
feedbadk-enabled state preparation.

As we proceed,we attempt to review the literature concerningmeasuremen and
feedbad cortrol of atomic ensenbles, while also putting into corntext related, but
more mathematical, works concerning estimation and cortrol. In the end, we hope
to inspire further developmert in this eld by highlighting the numerous connections
betweenthe problems of quantum control and problems consideredin the culturally
distinct context of the mathematics and corntrol communities [4,18,71].
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2. What is a quantum state?

Quantum medanics describesthe statistics of obsenable quartities, very much like
classical probability theory. In fact, the foundation of quantum medanicsis just an
extensionof probability theory, aswe will discussin this section. Suc a point of view
allows us to apply classical constructions of probability theory directly to quantum
models. Though this section cortains no surprises,we aim to clarify the conceptsand
terminology usedin the remainder of the article. We will pay particular attention to
what is meart by a \quantum state", an issuethat must be resolved before we can
discussstate preparation.

2.1. Classial prokability

To set the stage for quantum probability we rst discusssome of the elemerns of
classical probability theory [75]. As an illustration, considerthrowing two dice. The
rst ingredient we needin our theory is the samplespace, usually denotedby . This
is just a set which describesall the \microstates" of the system;in our case,it is the
set of 62 = 36 possibleoutcomesof a throw 11,12, :::, 21,22, :::, 65, 66. A random
variablef isnowamapf : ! R. For example, we could de ne a random variable
X that describesthe sum of the two outcomes,i.e. X (11) = 2, X (53) = 8, etc.

To complete the picture we needto intro duce an object that can provide answers
to questions such as what is the probability of having thrown 66?2 or what is the
prokability of having thrown at least one three? This is exactly provided by the notion
of a prokability measure. Note that we can represen any question as a subsetof ;
e.g.,our rst questionis represenied by the set f 66g, while the secondis represened

called events The probability measureP is a map that assaiatesto ewvery evert a
probability.

We can composenew everts asfollows. Giventwo events A; B, the question
A or B?isrepreserted by A[ B, whereasA and B? correspondsto A\ B. In particular,
the latter operation de nes the joint prokability P(A\ B) of A and B. The probability
measureneedsto be consistertly de ned with respect to theseoperationsin the sense
that P(A[ B) = P(A)+ P(B) if A\ B = ?,i.e.if A and B are mutually exclusive.
Furthermore P(?) = 0 and P() = 1. In our examplethere is an equal probability
of having thrown any combination; henceP(A) = % for any event A with a single
elemen. Any other event can be constructed asa union of these\elementary" events
and its probability can be found using the formula for P(A[ B).

Now supposewe wish to perform a particular obsenation on the system;we have
already de ned such obsenations (random variables) as maps on . To obtain the
probability of a particular obsenation, we simply invert the corresponding map. For
example, the probability that we throw a combination that sumsto 4 is P(X = 4) =
P(X %(4)) = P(f13;,22,31g) = % Hence the probability measurecortains all the
information available on the outcome of any obsenation, i.e., P represerts the state of
the system. The philosophy behind this choice of terminology is that physical theories
exist to model the outcomes of obsenations; the \state" is the object of the theory
that givesrise to the statistics of any such obsenation.

Let us now consider classical state preparation. The physical mecanism that
prepares the state of the dice, i.e. that causesewvery combination to have equal
probability, is the throwing process. Suppose we want to prepare a dierent state,
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for example a state that has a high probability of obtaining two sixes. We could
obtain sud a state by modifying the physical processthat createsit. For example,we
could engineerdice with an nonuniform massdistribution, sothe sixth faceis lighter
than the other faces;then the rolling of the dice is more likely to terminate with the
sixth facefacing up.

There is a dierent way in which we can change the state. The conditional
prokability of event A given that we have measuredevent B is
P(A\ B)

PE) 1)
Supposewe obsene X = 12. Then the conditional probability of having thrown 66
is P(f66gjX = 12) = 1, whereaswithout conditioning P(f 66g) = %. However, if we
happenedto measureX 6 12 then P(f66gjX 6 12) = 0. This corresponds to the
intuitiv e notion that if we see that we have thrown 66, then the probability that we
have thrown 66 is one, no matter what its probability was before we had gained that
information. However the probability that we would see66 in the rst placeis only
%. Hencewe can create states by conditioning a \prior" state on a measuremen but
only very ine cien tly: to prepare a state with high probability of obtaining 66, we
have to keepthrowing the dice until we happento obsene X = 12.

There is a nal possibility which combinesthe two methods of state preparation.
Supposethat we perform an obsenation not after the throw has completed, but while
it is still in progress. Moreover, we allow ourselvesto interfere with the dice: if the
rolling dice threaten to terminate with a low value of X , we give them a shove sothey
keeprolling. This way the probability of throwing high numbersis elevated. In other
words, we prepare the state of our choice by performing obsenation and applying
feedback to the system dynamics. This crude example represens the type of state
preparation that we considerin this article for quantum systems.

We conclude this section by introducing expectations and conditional
expectations. If is a nite countable set (which we have implicity assumedin

P(AjB) =

this section) then we may always decompsea random variablef : | R asfollows.
ghe map f takesthe valuesf; 2 R on disjoint subsetsS; = f *(f;) such that
i Si = . Hencewe can write
X
ft)y=fis() )

i
where ¢, is the indicator function of S;, i.e. s (1) = 1if! 2 S;, 0 otherwise. The
expectation of f is give)r(1 by

Ef = fiP(S) ®3)
I
and represerts the value that f takeson \on average". Note that the state P uniquely
determines E, but the cornverseis also true as by construction E g = P(S) for any
event S . Hencewe can equivalently de ne the state of the system by specifying
the expectation of every systemobsenable. p
Similarly, we can (g;a ne the conditional expectation of f =, f; s given that
we have measuredg = ; g; )Ii :

Efigt) = fiP(§IT) (1) (4)
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Now E( sjg)(! ) = P(Sjg= g(!)). Hencewe can equivalertly de ne the state of the
system, conditioned on a measuremen of g, by specifying the conditional expectation
of every system obsenable with respect to g.

Though entirely natural from a probabilist's point of view, it is not customary
in physicsto think of the conditional expectation as a random variable. One way to
interpret Eq. (4) is that the random variable E(f jg) is the best estimate of f given
g [60,75]. To seethis, rst note that E(fjg) is IQy construction a function of g:
E(fjo)(' ) = X(g(')) wherewe dene X : g 7! jf,— P(S;jTi). It is not dicult
to show that of all functions X° the one that minimizes the least-squarescriterion
E[(f XY%g))?]is exactly X°= X. This is precisely what we mean by E(f jg) being
the bestestimate of f giveng. Evidently this ideais equivalent, or in somesensedual,
to the notion of a conditional state that we intro duced earlier.

2.2. Quantum prohability

We will now formulate quantum medanics in the same language as the classical
case[53,68]. An obsenable (random variable) in quantum theory is given by a
self-adjoint operator F on some complex Hilbert spaceH. Assuming H is nite-
dimensional, we alwa¥(s have the spectral decomposition

F= fi P; (5)

i
where f; 2 R are the eigenvaluesof F and P; = P2 = P/ are projection operators
onto the corresponding eigenspaces.The picture is completed by intro ducing a map

E: 7! Tr[ ]with some = Y 0, Tr = 1. Then EF is the expectation of the
obsenable F. In termsxof the spectral decomposition
EF = fi EP; (6)

|
Clearly the projectors P; play the role of everts s, in the classicaltheory. Indeed,
a measuremen of F yields the outcome f; with probability EP;. Thus any quantum
obsenable is identical to a classicalrandom variable.

We can make the correspondenceexplicit in the following way. As we are free
to choose any basisin the Hilbert space,we may always choose a basis in which
F is diagonal. We can then interpret the diagonal elemens of F as the values of
the random variable f, where s just the set of diagonal entries: fP: i 7" Fy.
The P; now correspond exactly to indicator functions on  and P(S) = ; s(i) i -
Note that the underlying Hilbert spaceplays a passiw role in the theory, just like
the samplespace in classicalprobability|the certral elemen of the theory is the
set of obsenables we are interested in. As long as we are interested in a set of
obsenablesthat all commute with ead other, then quantum and classicalprobabilit y
are identical theories: commuting obsenablescan be simultaneously diagonalized, so
we can follow the above \recip e" to transform between the classicaland quantum
descriptions. In other words, classicalprobability theory is a special caseof quantum
probability theory.

The embedding of classicalin quantum probability allowsusto carry over directly
conceptsfrom classical probability to sets of commuting quantum obsenables. For
example, in the classicalcasewe de ned the joint probability of two events A and
B asP(A\ B) = E( o g). This carries over directly to the quantum casefor two
quantum everts P; Q aslong asthey commute: i.e. the joint probability of P and Q
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is E(PQ) = Tr[PQ ]. Similarly, we obtain anlgxpressionfor coBditionaI expectation
for two commuting quantum obsenableskF = fiP;andG = gQ;,
XX E(RQ)

E(FJG) - fi EQ) Qi (7)
which is itself an obsenable asin the classicalcase,interpreted asthe best estimate
(in the least mean square sense)of F given G. Note that these are not even
\quantum analogs" of classicalconcepts|these are ertirely classi@l operations. We
can obtain these expressionsby writing the commuting set of events in the diagonal
basis, transforming to the classical picture, applying the classical operation, and
transforming badk to the quantum picture in the original basis.

What makes quantum probability dierent from classical probability is the
existence of noncommuting obsenables. For everts or obsenables that do not
commute the classical probabilistic conceptsdo not make any sense: for example,
the joint probability of P;Q with [P;Q] 6 O cannot be unambiguously de ned as
E(PQ) 6 E(QP). Similarly E(FjG) cannot bede ned for [F; G] 6 0. Hencewe do not
allow simultaneous measuremet or statistical inferenceof noncommuting obsenables.
The fact that noncomnuting obsenablesare inherent to quantum modelsrestricts the
amount of information that can be obtained from the system by measuremen

Oncewe have xed a commuting family of obsenablesto measure,however, the
measuremenm processis reducedto straightforward application of classicalprobability
theory. In particular, even if we are interested in modeling a pair of obsenables F
and G that do not commute, we can still perform statistical inferenceaslong as both
obsenables commute with the obsenation H. After all, by Eq. (7), E(FjH) and
E(GjH) commute and can hencebe measuredsimultaneously, despite that F and G
do not commute. We will repeatedly exploit this fact throughout this article.

To illustrate these ideas, consider the example of a single spin—% atom, and
suppose we are interested in corntrolling the spin obsenables (Pauli matrices)

x; vy, z. Werun into problemsif we try to directly measure ., asthis does not
commute with , and . Becausethe best estimate of , or  with respectto , is
unde ned, it is unclearin what senseone could cortrol , and y if we keepobserving

z-

We have already hinted at the solution to this problem: we must obsene a fourth
obsenable X that commutes with ,; ; .. Then all three conditional expectations
are well de ned. A famousexample of this procedureis the Stern-Gerlach apparatus:
in this casethe atom passegshrough a strong magnetic gradient which correlatesthe
spin obsenables ., ., with the spatial position X of the atom. By measuringX , which
commutes with 4.y ;;, we can form best estimatesof the latter three obsenables,and
thus at least conceptually these can be cortrolled.

In practice the Stern-Gerlach deviceis not a good systemfor cortrolling the spin,
as the obsenable X is a dierent degreeof freedom of the same atom that carries
the spin. When the atom hits the screen,enacting a measuremen of X , the atom is
e ectiv ely destroyedand there is no point in updating the spin state for further control.
The approach wetakein this article is arealistic, though conceptually identical, version
of this example. Instead of coupling the atomic spin to the atomic position, the spin
interacts with an external electromagnetic eld. Even though photodetection of the
eld is destructive this will not a ect the atom itself.

The quantum state is an object that assaiatesan expectation to the relevant set
of obsenables. We refrain from de ning the quantum state as the density matrix
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The properties that any expectation map must obey imply that we can always nd
a density matrix  such that the expectation can be expressedas EF = Tr[ F ] for
the relevant set of obsenablesF. What this relevant setis, however, dependson the
context.

To illustrate this subtle distinction let us consider again the Stern-Gerlach
example. Before conditioning we consider the four obsenables ., and X. Hence
we naturally expressthe state as a density matrix on Hs  Hg, the tensor product
of the atomic spin and position Hilbert spaces. However, we can only condition
obsenableson X that commute with X . Hence after conditioning a spin-position
density matrix is no longer meaningful, as many obsenableson the position Hilb ert
space(e.g. momertum) will have an unde ned conditional expectationz.

To nd the natural state after conditioning, recall that E( . ..jX) all commute.
Hencewe can describe them asclassicalrandom variablessy., .» (! ) on someprobability
space. To expressthe state asa density matrix, then, we must alsomake it random:
wede ne (!')onHsthrough s,y ..(!) = Tr[ (!) xy:z]. This conformsto the intuitiv e
ideathat after measuremen the conditional state is itself a classicalrandom variable,
where is simply the set of possible outcomesof X . It also highlights, however,
that in order to talk sensibly about state preparation we must carefully selectwhich
obsenableswe wish to specify. Though the \dual* description in terms of a density
matrix is often more economical,we will often nd it both conceptually and technically
simpler to obtain results by consideringconditional expectations to be obsenableson
Hs Hg.

The three methods of state preparation discussedin the previous section carry
over directly to the quantum case. All these methods have beendiscussedto various
extent in the literature; referencesto their various experimertal implementations will
be givenin section5. The rst method correspondsto designinga Hamiltonian whose
time ewlution generatesthe desiredstate. The drawbadk of this method is that such
a Hamiltonian may be highly nonlinear and di cult to engineerin practice.

The second method corresponds to conditioning. As we saw in the example
above, to do this we must \open" the system by introducing another obsenable.
We emphasize,however, that there is no physical \collapse" assaiated to the actual
measuremeit we just use classi@l conditioning to update our state of knowledge.
The drawbadk of this method is that the outcome of the measuremen is random and
will not always result in the desired state; particularly in caseswhere the state is
prepared with low probability, this may not be a desirable option.

The third method, which is the main topic of this article, is that of conditioning
with feedba&. The advantage of such a method is that it can be implemented
with simple Hamiltonians, while it does not su er from the indeterminism of pure
conditioning. The method canalsobe more robust than simple Hamiltonian ewvolution,
as it is not as sensitive to e.g. timing errors or precise knowledge of experimental
parameters [65,70]. However, succesfulimplementation of such a method requires
sensitive, cortinuous-time quantum-limited measuremets and fast in-line signal
processing,techniquesthat have only recertly becomeavailable.

We separatethe dewvelopmert of quantum feedbad corntrol into three parts. In
order to interpret the measuremen current and feedba& we must develop a physical
z Of course if we were interested in both position and momentum, we could couple to yet another
observable that commutes with .y .z aswell as position and momentum. This way we move further

and further down the \Heisenberg chain". Ultimately , however, we have to make an observation,
which will rule out some incompatible observables.
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model of the system and its interaction with the ervironment. This rst step, the
physial modeling step, embodiesthe \ph ysical content”" of the problem. In the second
step we condition the system dynamics basedon an obsenation of the ernvironment.
This statistical inference stepis, aswe have discussedertirely classicalin nature. The
third step is the control problem nding a cortrol law that will prepare the desired
state. In the following sectionswe consideread of these problems separately
Note that all the constructions in this section can be generalizedto in nite-

dimensional Hilb ert spacesin the quantum case,and to in nite or continuous in
the classical case. However, a rigorous discussionof the assaiated mathematics is
beyond the scope of this article. Though conceptually the nite and in nite casesare
very similar, we will needto extend the nite techniquessomewhatin section4.2in
order to deal with contin uous systems. For lucid intro ductions to the generaltheories
of classicaland quantum probability we refer to [75] and [53], respectively.

3. The physical model: from QED to stochastic equations

In this section we will describe a microscopic model for the class of systems we
consider. The model consists of an atomic ensenble coupled weakly to an external
electromagnetic eld which is ultimately detected.

3.1. Systemmodel from quantum electrodynamics

It is well known from quantum electrodynamics [13,54] that the obsenable for the
free electric eld is given by

~ T
(2 )%

E(r;t) = 'E(iak;s"k;sei(k’ "D+ he)dk (8)
S

where | = ¢jkj, "k.s are polarization vectors and ax.s are plane wave (Fourier)
mode annihilation operators that satisfy the commutation relations [ak;s;a}:o;so] =
3(k k9 ss0. We assumethat the atomic ensenble (certered at the origin) interacts
with the eld predominartly through its collective dipole momen; i.e., the interaction
Hamiltonian will be of the form H,(t) = d(t) E(O;t) where d(t) is the ensenble
dipole operator. In practice there will be someultraviolet cuto, which we can obtain
e.g. by averaging the electric eld over the volume of the cloud of atoms instead of
evaluating it at the origin. We will write

X
E® (r:t) = [EC)(r;0)] = g(K) acs" k€T 1Y dBk (9)

S

whereE = i(E®  E()) and g(k) is the mode function, e.g.g(k) / Pre a2 ifwe
averageE over a spatial Gaussiandistribution.

The full interaction is sketched in cartoon form in Fig. 1a. The atomic ensenble
interacts through its dipole momernt with all plane wave modesin three dimensions. A
strong, focusedlaser beam at frequency! ¢ is modeled by bringing the corresponding
modes into a large-amplitude coherent state. The drive is scattered predominantly
in the forward direction, and is ultimately detected. The remaining modes are in
the vacuum state and drive spontaneous emission of the ensenble in all directions.
This essetially complete description of the interaction embodies all the physics of
the problem, and thus allows one to predict quartities such as the spontaneous
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Figure 1. (a) Schematic of the full interaction Hamiltonian, where all plane wave modes in three
dimensions interact with an atomic ensenble. One of the incoming modes is coherently excited
with frequency ! o and large amplitude; the coherent excitation scatters mainly in the forward
direction. The remaining incoming modes are in the vacuum state and driv e spontaneous emission.
(b) Simplied one-dimensional model, where plane waves are scattered 0 a single-mode cavity in
one direction only. The strong driving eld is treated semiclassically and coherertly excites the
cavity mode, which has frequency ! o. Spontaneous emission can be added to the model in a
phenomenological manner.

emissionrate. The full picture is also very complicated, however, as it requires a
detailed analysis of the atomic structure, a partitioning of the eld into obsened and
unobsened modes, etc. Such an analysisis beyond the scope of this article.

Instead, we will investigate a highly simplied model (Fig. 1b) that is widely
usedin quantum optics [27,78,83]. To justify such a model, we claim that most of
the interesting physics occurs in the direction of the driving laser, as most of the
light is scattered forward and obsened in this direction. Hencewe can approximate
the system by a one-dimensionalmodel where only the forward modes are treated
exactly and the strong drive is treated semiclassically Spontaneousemissioninto the
eliminated modesis unobsened, and hencewe could include it phenomenologicallyby
adding decoherence.Finally, to simplify the interaction with the ensenble, we place
the ensenble into a leaky single mode cavity. This allows us to treat the interaction
betweenthe ensenble and the eld for a singlefrequencyonly, that of the cavity mode,
which is chosento be at the laser driving frequency! ¢. The cavity dynamics is then
adiabatically eliminated to give an e ectiv e interaction betweenthe ensenble and the
external eld.

Let us systematically work out this simplied model. We begin by treating the
one-dimensionalexternal eld that is ultimately detected. We canobtain an expression
for the eld by integrating Eq. (8) over a transverse area [27], or alternatively by
directly quantizing the wave equation in one dimension [78]. We obtain

r Z,r —

E(z;t) = - !E(ia! e " (t 270 4 hc)dl (10)

2 ||0C 0
for the electric eld intensity in a single polarization state (we will assumepolarized
light), where [a ;a/c] = (! 1'9. The annihilators a, correspond to plane wave
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modesin the z-direction, k = (! =92, where positive z is de ned to be on the left
in Fig. 1. Thusthe eld for z < 0 is propagating towards the cavity mirror in time,
whereasz > 0 propagatesaway from the mirror. In practice the cavity mirror will
reversethe propagation direction, sowe canreinterpret z > 0 asthe componert of the
eld propagating toward the detector, whereasz < 0 is the incident part of the eld x.

We now intro ducethe cavity mode with annihilation operator b(t) = be " °t. The
interaction Hamiltonian betweenthe cavity mode and the external eld is given by

1

Hee = ~ (1 )(iaY be! 't +jay e+ o)t + hcd!
0
= i~(b(t) + b(t)')(EC )(0;t) E® (0;1)) (11)
where we have used 7
1
E® (z;t) = [EC )(z;0)])Y = (Na e " ¢ =g (12)
0

Here (!) does not only depend on the external eld but also on the frequency-
dependent transmission of the cavity mirror, and is unitless. An interaction
Hamiltonian of this form can be obtained from the QED Hamiltoian by expanding it
into \quasi-modes" corresponding to either inside or outside the cavity; see[15].

Wewill briey describethe remaining Hamiltonians. The interaction Hamiltonian
of the cavity mode with a resonart classicaldrive is given by

Hp = ~E(b+ 1) (13)

where E is the drive amplitude. Spontaneous emission is treated by introducing
another eld E with annihilation operators ¢, , called the side channel, and adding
another Hamiltonian H, = d(t)E(0;t) where d(t) is an atomic dipole operator.
Unlike the forward channel E, which we will ultimately obsene, the side channel is
left unobsened. This is a simple but e ective way to model the partitioning of the
full three-dimensional eld E(r;t) into obsened and unobsened modes.

The atomic Hamiltonian Ha and the ensenble-cavity mode interaction Hac are
more variable, as they depend on the structure of the atoms in the ensenble. In
particular, we get drastically di erent behavior when the atoms have a transition that
is resonarnt with the cavity mode than in the far detuned case. We will considera
speci ¢ examplein section 3.3.

3.2. Quantum noise and the Markov limit

The discussionin the previous sectionwasbasedertirely on \mechanical" argumens;
i.e., the electric eld emergednaturally by quantization of Maxwell's equations and
the dipole coupling to matter. Any physical model ultimately has its roots in this
level of description. Howewer, we have already discussedthat the foundations of
quantum theory are essetially a gloried probability theory, where any obsenable is
equivalent to a random variable on someprobability space. As we will be interested
in obsenations of the eld, it is essetial to make the connectionbetweenthe physical
model and its manifestation asa (quantum) probabilistic dynamical system.

x In a full three-dimensional description the cavity mirror would be modeled by an interaction
Hamiltonian that scatters into the backward propagating modes with terms such as a’ k- In
the one-dimensional case, however, we can simply absorb this re ection into the de nition of the
eld.
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We can consider Eq. (12) as the Fourier transform of the operator distribution
(') (1)a , where isthe stepfunction. We will always take the incoming eld to be
in the vacuumstate asin Fig. 1. Eacha, canbethought of asan independert quantum
\complex Gaussian" random variable, in the sensethat its \real" and \imaginary"
parts ay + af andiay ia, arepreciselyGaussianrandom variables. HenceE ) (0;t)
will be somesort of quantum complex Gaussiannoise. Note that the two quadratures
E® +EC) andiE() iE® donot commute, sowe cannot interpret E®) (0;t) as
a classicalcomplex noise. We would now like to considerthe Heiserberg equation (in
the interaction picture with respect to the eld dynamics)

X4 = E[H? + Ha + Hac + Hp + Hepe (1); X¢] (14)

as being driven by the noiseiE ( ) iE ) | together with an obsenation of the eld
which need not commute with the driving noise. Then the statistical inference step
can be formulated as nding the best estimate of the noisy time ewolution of atomic
obsenablesgiven noisy obsenations of the eld.

Similar problems have been studied in classical probability for about a certury,
and the main lessonslearned there appear to carry over to the quantum case. In
particular:

(i) Statistical inferenceof contin uous-time processess essetially intractable unless
we approximate the noiseprocesshy a white noise. In this case,the time ewlution
of the system is Markovian [60] (i.e. the distribution of future system states
dependsonly on the presen state and not on past history) and statistical inference
is described by the elegart theory of Markov nonlinear ltering [16,51].

(i) Dealing with white noise directly is possible, but the resulting theory is very
technical due to the fact that white noise is an extremely singular object
[35,43,45]. It is much easierto build a theory from a Wiener process.the integral
of white noise,which is at least contin uous [60].

We Il follow a similar program below for quantum systems;i.e., we will rst nd
a Markov approximation of the full eld-theoretic model described previously, then
dewvelop a theory of quantum Markov ltering.

Before we embark on this path, it should be mentioned that the problem with
colored noisetakeson an even more sewere form in the quantum case. In the classical
case the problem is mainly technical; there is no conceptual problem assaiated
to statistical inference with colored noise, but it is not possibleto obtain Itering
equationsin a recursive form [14]. In the quantum case,howewer, it is not even clear
what we mean by an obsenation of colored noise, let alone the assciated statistical
inferenceproblem, asthe eld operators may not commute with themselesat di erent
times or with the system [25]. There is as of yet no satisfactory solution to this
problem; in particular, a satisfactory theory of quantum non-Markovian cortinuous
measuremem hasyet to be developed. As we will see,howewer, these problems do not
appear in the Markov case.

3.2.1. Classial and quantum stochastic di er ential equations Let us briey review
the classicalconcept of a stochastic di erential equation (SDE) [60]. We denote by
W; a one-dimensionalWiener process. It is de ned on a probability space where
eah ! 2 corresponds to a single sample path fW;(! )g of the Wiener process.
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Heuristically the time derivative W; would be white noise,sowe wish to give meaning
to a di erential equation of the form
d dwi(!)
— X (") = fF(Xe(P)+ (Xe(M)——= 15
FXU) =)+ ) — (15)
However, this equation makes no mathematical senseas W; is di erentiable with
probability zero. The solution is to rewrite it asan integral equation
z t z t
Xy = Xo+ f(Xs)ds+ (Xs) dWs (16)
0 0

and then to de ne the stochastic integral. As a notational analogy with ordinary
di erential equationswe will also write

dXt = f(Xt)dt+ (Xt) th (17)

which is equivalent to (16) by de nition.
Itd de ned a stochastic integral in the following way:
Zy, X 1
fs dWs = ||m ftk (Wtk+1 Wtk) (18)
to jtiaa il Ok:O
Precisely in which sensethe limit is taken is a certral construction in It®'s theory
which we glossover. A dierent de nition, dueto Stratonovich, is
Z,, X 14
fs dWS = Ilm _(ftk+1 + ftk)(Wtk+1 Wtk) (19)
to jtivr G 0k=0 2
It is a signature of the singularity of the problem that thesetwo integrals do not give
the sameanswer; suc integrals would necessarilybe the sameif we could interpret
them in the Riemann-Stieltjes sense. It is now ambiguous, however, how we should
interpret Eq. (16).

A major dierence between the two integrals is their transformation property.
Ordinary Riemann-Stieltjes integrals obey the Leibnitz rule d(X:Y;) = Y;dX; + XdY;
(we usethe shorthand notation of Eq. (17)). It turns out that this property is also
obeyed by the Stratonovich integral (19). The It integral, on the other hand, obeys
the modi ed transformation property d(X:Y;) = YidX; + XdY; + dX;dY;, where
we use the Itd rules dW? = dt, dt> = dW; dt = 0 to ewaluate the rightmost term.
Similarly, the It transformation rule for arbitrary functions becomes

dg(X;) = g¥X)dX + 3g°{X)dX? (20)

Note how the shorthand notation of Eq. (17) allows us to expressthese deepresults
in a compact way. The power of the It®d calculus lies in the fact that complicated
transformations can be perfomed using only simple symbolic manipulations.

The fact that the Stratonovich integral obeys the Leibnitz rule suggeststhat
physical systemsshould be described by a Stratonovich SDE; after all, if we take a
physical systemwith a smooth driving force, and add somenoiseto this force, we do
not expect the transformation properties of the systemto change. We will investigate
this further in the next section. On the other hand, the It®d integral has the nice
property that its expectation vanishek, which suggeststhat It SDE are natural
k The Itd integral is only de ned for nonanticip ative integrands, i.e. ft must be independent from

any increment Wy, Wy, with t2 > t;  t. It follows immediately from (18) that the integral has
vanishing expectation.
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from the point of view of statistical inference. Fortunately we can have it both ways,
as there is a conversion formula between Itd and Stratonovich SDE: the solution of
dX; = f (Xy)dt+ (X{) dW, is equivalent to the solution of

dXe = f(Xdt+ 3 (Xo) 1 (X)dt+ (X)) dW, (21)

We seethat in the mean, the Stratonovich noise results in an e ectiv e drift. This
additional term is known asthe It correction.
Let usreturn to the q%antum case.De ne

1
a = pz: ae "t (22)
1

where we have extended a, to negative frequencies. In the vacuum state, the two
quadratures x; = a; + & and y; = ia; iay have zero mean and delta-correlated
covariance, e.g. Ex; = 0 and E[x(xs] = E[a;a¥] = (t s). Moreover, it is easily
veried that [x¢;Xs] = 0 for t 6 s (and similarly for y;); this is important, as it
meansthat we can interpret x; as a classicalrandom process. Indeed, following the
procedure of section 2.2, we can simultaneously diagonalize the operators x; at all
times and transform to a classicalprobability space.We nd that both x; andy; are
ertirely identical to classicalwhite noise. We will thus call the eld a; quantum white
noise

Note that the noise E®) (0;t) that drivesEq. (14) is not white. Howevwer, if the
system response has a su cien tly narrow bandwidth we would expect the noise to
\lo ok" white on the slow timescale of the system, as (!) is locally at. Equation
(22), and the assaiated introduction of negative frequencies,should be seenpurely
as a mathematical construction that correspondsto noncommutativ e white noise. In
the next sectionwe will make theseideas more preciseby shawing in what sensethe
physical model (14) can be approximated using noisesof this form.

We now proceedasin the classicalcase.De ne the quantum Wiener process

t

A = at dt (23)
0
We can now introduce the quantum It® integral [10,26,37,55]
Zy, _ X 1
XsdAs = lim Xt, (At,.,  At) (24)
to jtisn i Ok:O

for nonarticipativ e X (i.e., X; is independert of any incremert A, A,,u>v t.)
It immediately follows that the integral has vanishing expectation in the vacuum
state. Moreover, as X, is independert from A;,,, Ay, , the processand incremert
commute: hence X{dA; = dA;X;. The quantum Itd rules are dA; dA%’ = dt,
dAt dt = dA{ dAt = d/At2 = 0.
Similarly, we can de ne a quantum Stratonovich integral [26,31,32]
Z th D( 1 1
Xs dAs = . Iim. _(th+1 + th)(Atk+1 Atk) (25)
to jtivn ]! Ok=O 2
which obeysthe Leibnitz rule but doesnot have vanishing expectation. Additionally ,
in this caseX; doesnot commute with the noiseincremert, soX; dA; and dA; X;
are two distinct forms of the Stratonovich integral.
Note that the above discussionis ertirely heuristic; the mathematical objects
we are using are extremely singular and require careful de nition. The quantum It
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theory was introduced in a rigorous way by Hudson and Parthasarathy [37]; a more
heuristic treatment can be found in Gardiner and Collett [26]. More recerly the
relations between the quantum Itd, Stratonovich and white noise formalisms were
investigated by Gough [31,32]. We refer to thesereferencesfor a detailed treatment.

3.2.2. The Wong-Zakai theorem and the Markov limit Mathematically, (quantum)
stochastic di erential equationsare rather peculiar objects|strictly speakingthey are
not even di erential equations, but integral equations. NonethelessSDE are widely
usedto model physical phenomena. The reasonthat this is so succesfulstems from
an important result, originally due to Wong and Zakai [82], which can be stated as
follows. Supposewe have an ordinary di erential equation of the form

dx (t
Dot can o (26)
where (t) is somepiecewisesmooth random processthat corvergesto white noise
in someappropriate senseas ! 0. Then the solution x (t) of Eq. (26) convergesas
I 0to the solution of
dXt =f (Xt) dt + (Xt) th (27)

This result tells us that the behavior of a \real" physical systemis well approximated
by the solution of an SDE as long as the noiseis su cien tly wideband. Additionally
our notion that physical systemsare well described by Stratonovich equationsis now
rigorously justi ed. In the remainder of this sectionwe will give a simple intro duction
to the quantum analog of the Wong-Zakai procedure. For a rigorous treatment, we
refer to [1,33].

As a rst step we partition our system into fast and slow timescales. The
electromagnetic noise and the high-frequency oscillation of the cavity mode operate
on the fast timescale,whereasthe driving eld and the coupling to the atoms operate
on a much slower timescale. In order to study the Wong-Zalai limit we completely
ignore the slow interactions by turning them o|a very good approximation if the
correlation time of the noiseis short. This is equivalent to the assumptionsmertioned
in the previous section: a short correlation time implies that (! ) is slowly varying,
whereasignoring the slow interactions assumesthat these do not signi cantly shift
the resonancefrequency of the cavity.

What remainsis the fast dynamics, which we write in propagator form

L= Dheru= o+ H0NEO O EY 00U (29
The key physical assumptionwe must make to obtain the white noiselimit is that the
cavity is weakly coupledto the external eld. Naively onewould expect that we could
implemert this limit by solving the equation dU;=dt = iH ¢ U= and then taking
the limit ! 0. This clearly doesn't work, however, as this would just turn o the
interaction betweenthe cavity and the eld. The problem isthat not only changes
the coupling strength, but alsothe timescale of the interaction dynamics.

The e ect that we are trying to capture in the weak coupling limit is not a precise
description of fast dynamics, but the e ectiv e contribution of the noiseto the slow
dynamics. We saw in the classical case,Eq. (21), that the noise causesan e ective
drift in the systemdynamics. If wereplace (x) 7!  (x), weinfer from (21) that this
drift occurs on a timescalet= 2. This suggestswhat we can make the substitution
Hceg 7! H cg andlet ! 0, but we will only obtain the weak coupling limit if we
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simultaneously rescaletime ast 7! t= 2. This idea was originally suggestedin the
context of classicalstochastic approximations by Stratonovich [67]and wasintro duced
independertly in the physicsliterature by Van Hove [72].
After performing theserescalingswe obtain
ay, 1 t t () ot @ ot
T__b_zt:by — E 0 — EJ’.O,—2 U, (29)
[
= d@Mb+ &M a (W) a (t)b U,

Let us investigate the behavior of the rescalednoise
171 : -
a(t)= - (Nae it 1oE g (30)
0

as ! 0. In particular, we obtain for the correlation function
1
E[a (1)a(s)] = iz (1)2e 10 toXt 9=2qr H 0 0 g)(31)
0

with = 2 (1,)2, where we have usedlim , ge ' & =2 =2 (1) (t) (in the
senseof Schwartz distributions). Hencein the weak coupling limit the resonart terms
convergeto white noisedriving terms. However, for the rescalednoise

171 , 2
a(t)= = (1)a e '¢+HaE “q (32)
0

we obtain 7
1
Ela ()& (s)] = iz (1)2 1C+1oXt =g 40 (33)
Hencethe nonresonar terms vanish in the weak coupling limit. We seethat the weak
coupling limit givesus the commonly usedrotating wave approximation for free.
Studying the convergenceof U, is more complicated, but can be performed by
investigating the convergenceof eat term in the assaiated Dyson series[1,33]. The
result is, howewver, not surprising: Eq. (29) convergesto the Stratonovich equation
[31,32] ]
p _h |
dUt = 0 dA%/ bU( dAt byUt (34)

which is essetially the quantum version of the Wong-Zalai theorem [33]. We can
equivalerntly expressthe result in the It’o form as

hy . i
dy; = P ObdAY P O dA; 1 Phbdt U (35)

where an It correction term emergesasin the classicalcase.

In addition to the emergingquantum stochastic equation, a detailed treatment of
the quantum Wong-Zakai limit usually results in an additional small energy shift to
the systemHamiltonian [1,33]. This energyshift can be normalized away by a proper
choice of the system Hamiltonian.
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3.3. Example: spins with dispersive coupling

Now that we have made a Markovian approximation to the interaction, it remainsto
add the slow dynamics back in. We do this simply by adding the corresponding
Hamiltonians. As discussedbefore, spontanous emission is modeled by coupling
the atoms directly to an unobsened eld E through their dipole momert d(t) =

e "at + Ye'dt (here is an atomic decay operator and ! 4 is the dipole rotation
frequency) Through a similar analysis as the one performed above, we obtain our
complehte physical model:

p p

dU = ~ ObdAY P—

Oydac+ P ode P vas .
i
% Ybdt % - Y dt i:(HA + Hac + Hp)dt U; (36)
Before we specializeto the particular model that will be usedin the remainder of the
paper, let usdigressfor amomert and calculate the Heiserberg evolution X = UYX U;
of an arbitrary obsenable X of the atom or cavity mode, as expressedsymbolically
in Eq. (14). Using the quantum It®d rules we easily obtain

dX = ':[HA + Hac + Hp;X{Jdt+ %y Xedt+ oL  Xdt+ P Ol X(]dA;  (37)

4P TIX;h]dAY + P T YxJdA + P Sxe daY

where L.X = dXc %(cycx + X ¢) is the well-known Lindblad term. As the
expectations of It® integrals vanish, clearly averaging away the noiseterms (\tracing
over the bath") resultsin a Lindblad-t ype master equation in the Heiserberg picture,
which is ubiquitous in the description of quantum open systems(seee.g.[26]). In the
languageof quantum probability, the unitary solution U; of the quantum It equation
provides a unitary dilation of the assaiated Lindblad equation [36].

We now introduce a highly simplied model of an atomic ensenble interacting
with an electromagnetic eld [69,70]. Consideran atomic ensenble consisting of a set
of N atoms with a degeneratetwo-level ground state. We will assumethat all atomic
transitions are far detuned from the cavity resonance,so the interaction betweenthe
atoms and the cavity is well described by the dispersive Hamiltonian Hac = ~F ;b
where F; is the collective dipole momert of the ensenble, i.e. it is a spin-N=2 angular
momertum operator, and determinesthe coupling strength. Such a Hamiltonian can
be obtained, for example,by consideringthe full dipole coupling and then adiabatically
eliminating all the excited states. We furthermore considerthe atomic Hamiltonian
Ha = ~ F; + ~h(t)Fy, where is the atomic detuning and h(t) is the strength of
a magnetic eld in the y-direction. The latter will allow us to apply feedbadk to the
systemhby varying the external magnetic eld. We obtain

du, = P OpdAY P Oydac+ P ode P vas 3o Y dt
i
1 Wbdt i( F,+ h(t)Fy + F,b'b+ E(b+ ) dt U (38)
Adiabatically eliminating the cavity [19,24,74], assumingthat ®and E are su cien tly
large sg this is a good approximation, yields

dh= P d P vam o+ TME@A dA) (39)
i
> ¥ dt IMF2dt i(%+ ) F.dt ih(t)Fydt U

N[
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where M = 16 2E?=( 93 is the e ectiv e interaction strength. It is corveniert to
choosethe atomic detuning = 4 E?=( 92, and we will henceforth assumethat
this is the case(experimentally we can always x the detuning by applying a magnetic
eld in the z-direction.)

Finally, we will for simplicity neglect spontaneousemissionby setting > = 0, a
good approximation if - M (in this casethe interesting system dynamics takes
place long before spontfﬁneousemissionsetsin.) This gives i

duy; = pVFZ(dA{’ dA:) %M F2dt ih(t)Fydt U (40)
We will usethis highly simplied model as an example throughout the remainder of
the article.

4. Conditioning: classical probabilit y and quantum ltering

In the previous section we consideredin detail the physical interactions between an
atomic ensenble and the electromagnetic eld, which, after many simpli cations,
were condensedinto Eq. (40). This expressioncontains all the physical dynamics
of our model. We now start the secondstep in our program, in which we perform
statistical inferenceof the atomic dynamics basedon an obsenation of the eld. Our
approach [71]is inspired by [5,7].

4.1. Optical detection

Before we can derive a ltering equation we must specify what measuremen is
performed. We will consider the case of (balanced) homodyne detection, which
measuresa quadrature of the outgoing eld. The principles of this method are
discussedin many textb ooks [62,73] and a continuous time description in terms
of quantum stochastic calculus can be found in [3]. Homodyne detection has
the advantage that it gives rise to a cortinuous, Wiener process-ype integrated
photocurrent, which is particularly conveniert for continuoustime feedbad cortrol.

Other typesof detection may be conveniert in di erent situations depending on
the experimental setup. For example, the spin squeezingexperiment [30] makes use
of polarimetry, which can be modeled in a very similar way as homodyne detection.
Though photon counting detection also has a contin uoustime description in terms of
quantum stochastic calculus, it givesrise to a discrete jump processwhich is much
lesscorvenient for the purposeof feedbad cortrol.

Heuristically, consider Eq. (40) as being driven by the white noise a;, the
\deriv ative" of A;. An ideal wide-band homodyne detector will measurethe eld
obsenable a; + & after the eld has interacted with the ensenble; i.e., we obsene
the photocurrent 1 (t) = U¥(a; + &)U;. As usual mathematically rigorous results are
much more easily obtained in integrated form; hencewe de ne asour obsenation the
integrated photacurrent

Yt = Uty(At + A{)Ut (41)
wherel (t) can be consideredthe \deriv ative" of Y;. For a rigorous treatment directly
from the quantum stochastic description we refer to [3].

Finding an explicit expressionfor Y; is a straightforward exercisein the use of
the quantum It’d rules. From Eqgs. (40) and (41) we directly obtain

dy; = 2p M U/F,U, dt + dA; + dAY (42)
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Thus clearly homodyne detection of the eld provides a measuremen of the system
obsenable F,(t) corrupted by the incident eld noise.

We will extend our obsenation model a little further. We assumedin the above
analysisthat the detection e ciency is perfect. In practice there will always be some
technical noiseaddedto the signal, either due to the intrinsic lossmecanismsin the
photodetectors or due to noisein the detection electronics (e.g. ampli er noise). We
will model these e ects by the addition of an uncorrelated white noiseterm dwp to
the obsenation current; i.e.

dvi = 2" M UYF,Ucdt+ P (dA + dAY) + dw? 43)

where 2 (0; 1] determinesthe relativ e strength of the technical noise( = 1is perfect
detection.) We caninterpret the white noisedW,. asan operator processhy embedding
it in a quantum probability space,e.g. dW??= dB; + dB{ for someuncorrelated eld
B: that doesnot interact with the system. Note that we have rescaledthe current
Y; sothat the total corrupting noise has unit variance, i.e. dY,> = dt; this givesa
corveniert normalization of the photocurrent. Experimentally the obserned current
will have somearbitrary ampli cation.

In order to make senseas an obsened current Y; must be a classical stochastic
process,i.e. [Y;; Ys] = 0 8s 6 t; clearly any sample path recordedin the laboratory is
classical. From Eq. (43), however, it is not at all obvious that this is the case. Once
again we resort to a heuristic argumert which can be made rigorous in a detailed
treatment of quantum stochastic calculus. Eq. (40) implies that the obsenable a;
only interacts with the systemat time t. As a; is independert from as whent 6 s, it
followsthat UfasU; = UYasUs 8t s. But then [l (t);1(s)] = U/[a+a!; as+ al]u; = 0,
aswe have already establishedthat a; + & is ertirely classicalwhite noise. Hences,
the integral of | (t) plus technical noise, is also a classicalstochastic process.

There is another property of the obsenation, called the nondemolition property
by Belavkin [6], that is essetial in what follows. Let X be someobsenable of the
atomic ensenble. Then it is easyto show, in exactly the sameway we shoved that
Y; is a classicalprocess,that [UYX U;;Ys] = 08s t; i.e., any system obsenable at
time t commutes with all prior obsenations. This means, as we saw in section 2.2,
that nding the best estimate of a system obsenable given all prior obsenations is
an ertirely classia@l statistical inferenceproblem. We will nd the explicit solution to
this problem, the quantum Itering equation, in the next section.

"1

4.2. The quantum lter

Let us begin by establishing somenotation. If X is an atomic ensenble obsenable,
denoteby j(X) = U/X U, its Heiserberg ewolution at time t. Using Eq. (40) and the
quantum It rules we easily obtain

. Pp—.
de(X) = je(LX]Ddt+ " M j(X;F.]) (dAY  dAY) (44)
where L[X] = ih(t)[Fy;X]+ MF,XF, IM(F2X + XF2). We have already
establishedthe obser\atign equation
avi= 2" M ji(Fdt+ Poac+ da+ T T awe (@)

Together, Egs. (44) and (45) form the system-obseration pair of our model. Eq. (44)
describes the time ewolution of any system obsenable, whereasEq. (45) describes
the obsened current. The goal of the Itering problem is to nd an expression
for ((X) = EJ[j{(X)jYs t], the (least mean square) best estimate of the obsenable
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X given the prior obsenations Ys ;. An essetial point is that the conditional
expectations (X ) are guaranteedto be well-de ned by the nondemolition property.

Due to the nondemolition property we could in principle simultaneously
diagonalizej{(X) and Ys, s t for every X, drop down to the assaiated classical
probability space,and calculate the classicalconditional expectation (X). This is
not a very practical courseof action, however, sowe will nheeda shortcut. Moreover,
our description of the conditional expectation in section 2.1 was rather limited: we
only de ned the conditional expectation with respect to onediscreterandom variable,
whereasYs ¢ is a corntinuous family of continuous random variables. To manipulate
such cortinuous quantities one needsthe mathematical machinery of real analysis.

We take the following approach. From the de nition of conditional expectation
is section 2.1 we can extract the following properties:

() E[XjY]is afunction onY.

(i) For any random variable Z that is a function of Y, we must have E[E[X Y ]Z] =
E[X Z].

It is easyto seethat the de nition of section 2.1 implies these properties, and it is
not hard to show that the converseis alsotrue. In the cortinuous casewe just take
theseproperties asthe de nition of conditional expectation. This is preciselythe real
analytic de nition, where the intuitiv e idea of being \a function of Y" is replaced by
the notion of measurability [75].

We are now ready to take our shortcut. By property (1), :(X) must beafunction
of Ys t. Introduce the ansatz

where C;(X), D¢(X) are functions of Ys ; to be determined. If we can determine C;
and D¢, the Itering problem has beensolved.

To implement property (2) we usethﬁ foIIowmg trick. We require that
i

i
E t(X)eog‘S”‘Ys =E Jt(X)eog“Ws (47)

for any function g(t). The ideabehind this is the sameasthat of a momernt generating
function: we can generateany (analytic) function of Ys by using an appropriate g(t)
and taking derivatives. Hence, if we have proved the relation (47) then we have
essetially satis ed property (2).

What remainsis mostly a direct aﬁphcation of the It®d rules. For conveniencewe
multiply both sidesof (47) by exp( 0 g(s)?ds). De ne

& = €190 1 jolas def = g(t)ef dY; (48)
It is now straightforward to evaluate
0D - ggg(cux) + 2 M ju(FDLX)

£ gOEDX) + 2 M i(Fr) (X)) (49)
ORI N~ e (Lix )+ © W gl jo(FoX + X )] (50)

dt
We now invoke Eq. (47) and attempt to nd C;(X), D{(X) by comparing (49) and
(50) term by term. We run into a snag, however, as a naive comparisonwould yield
C: and Dy in terms of j;(F;), etc., which are not functions of Ys . Fortunately we
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can useproperty (2) of conditional expectationsto changeall the j; terms in (49) and
(50) to the corresponding ¢ terms (E[j:()] = E[ ()], etc.) This givesimmediately

d (X)= ((L[X])dt+ v ( ((F2X + XF;)
2 ((F) (X))(dYe 20 M ((F;)dt) (51)

which is the quantum Itering equation for our model.

It is instructiv e to recall the example of section 2.2. There a simple ltering
scenario was constructed by coupling a spin to a commuting obsenable, then
conditioning the spin obsenableson the commuting obsenable. This gaveriseto a set
of classicalrandom variables, represerting the conditioned spin obsenables. Similarly,
we have coupled an atomic ensenble to an optical mode and conditioned the atomic
obsenableson a homodyne measuremen in the eld. This gaverise to a classicallt®d
equation (51) for the conditioned atomic obsenables,driven by the obsenations Y;.

As in section2.2wewill nd it usefulto represen the lter in its adjoint (density)
form. To this end, we de ne the conditional atomic density matrix ; asthe random
matrix that satises {(X) = Tr[ (X]. Eq. (51) gives

d:= ih(t)[Fy; ¢Jdt+ M D[F;] (dt+ P M HI[F,] { dW, (52)
where we have usedthe notation

D[q] ccY (dec + cYo=2 (53)

HIc] c +cY Tr[(c+d)] (54)
and we have de ned the innovations process

dw; = dY; 2 M Tr[ (F,]dt (55)

An important result in Itering theory is that the innovations processW, is in fact a
Wiener process[6,12]. Though we have not introducedsu cien t technical machinery
to prove this fact, we can can give a simple interpretation. We can write W; in the
form

AW = 2" W Gu(Fs)  o(F) des P (dAc+ dal)+ T T aw(se)

This expressionconsistsof two parts: the last two terms are white noiseterms, whereas
the rst term is the di erence betweenan atomic obsenable and our best estimate of
that obsenable, i.e. it represerts the new information (the \inno vation") contained in

the measuremen

4.3. Conditional spin dynamics

Before we add cortrol to the picture it is interesting to take a look at the open-loop
properties of the ltering equation (52), i.e. without feedbad, by setting h(t) = O.
The equation propagatesa density matrix, de ned asthe adjoint of a set of classical
conditional expectations, which carriesthe interpretation of the \statistically inferred"
density matrix of the ensenble given the obsenations in the probe eld. One
might wonder how such a picture is related to the traditional picture of quantum
measuremets.

To illustrate the lItering processwe have simulated Eq. (52) for a spin F = 5
ensenble (e.g., 10 two-level atoms) [66]. Sudch simulations are highly simpli ed by the
fact that the innovations processis a Wiener process. This meansthat we do not
have to simulate the full quantum-mechanical model, Egs. (44) and (45), to obtain
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Figure 2. (@) Time evolution of the conditional state from a coherent spin state at t = 0 to an
eigenstate at long times. The graph shows the population of eacdh F; eigenstate. (b) 100 sample
paths of ((Fz), with M = = 1. The dark line is the sample path shown in (a), resulting in
m; = 1. Von Neumann projection is clearly visible at long times.

a photocurrent Y; to drive (52). Instead, we just plug in a Wiener processfor the
innovations, for which straightforward numerical methods are available. The results
are shown in Fig. 2.

At long times the conditional state is clearly drivento oneof the eigenstatesof F,
i.e. Dicke states[17], just as predicted by the Von Neumann projection postulate. In
fact, it can be rigorously provedthat thet! 1 Ilimit of Eq. (52) is exactly identical
to the projection postulate, i.e. the probability of collapse onto ead eigenstate is
predicted correctly by the Itering equation [2,66,71].

Note that we have not previously mentioned the projection postulate in this
article. As this result follows from our theory we do not needto postulate it: instead,
we have \derived" it using quantum dynamics and classical statistics{. In some
sensethe Itering processexposesthe anatomy of a quantum measuremen We
have explicitly modeled the coupling betweenthe probe eld and the system under
measuremen, Eq. (44), and we consideredseparately a step that involved purely the
gain of information. Both processegonspireto bring about the traditional projection
of the systemstate in the long-time limit.

At intermediate times, t < 1, the conditional state gradually collapsesonto
the F, eigenstates. This process,for a single sample path, is shown in Fig. 2a.
Whereas a Von Neumann measuremeh would take the state discortinuously from
the initial state to the nal collapsedstate, the ltering processcortinuously narrows
the distribution over the eigenstatesuntil only oneremains. Aside from giving a more
realistic description of continuous optical measuremets, this description createsan
opportunit y that has no analog with projective measuremets: we can interfere with
{ The reader should not get the impression, however, that we have now reduced all the peculiarities
of quantum measurement to pure classical probabilit y. In particular, we cannot derive why the
measuremert of an observable rules out the measurement of nhoncommuting observables, which has
no counterpart in classical probabilit y. Only the conditioning, which takes place after a measuremert
has been performed and the measuremert result has been obtained, can be given a purely classical
interpretation in this way as a statistical inference procedure. On the other hand, the \back action"

on the system is caused by the quantum dynamics of the interaction between the system and the
probe, which we have explicity modeled by a quantum stochastic di eren tial equation.
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the collapseprocesswhile it is occuring by applying real-time feedbad.

Finally, we should remark that not all Itering equations give rise to Von-
Neumann type collapse. For example, homodyne detection of spontaneously emitted
photons, or an atomic ensenble resonartly interacting with the probe eld, will result
in contin uousdecay of the conditional state into the ground state. Projective dynamics
is obtained in our casebecauseof the dispersive (o -resonant) interaction of the
ensenble with the probe and the neglect of spontaneous emission. The latter can
be justi ed, however, if there is a large separation of time scalesbetween the time
of collapseand the time at which the spontaneousemissionsetsin. In this case,the
intermediate regime will be very similar to the long-time limit of our model.

The range of dynamics emergingfrom Itering equations highlights the needfor
the separatemodeling of the system-probe interation. Though we have only preseried
a very simple model, we have outlined a bottom-up approac in which the system-
probe interaction is modeled from rst principles using quantum electrodynamics.
The detailed modeling of realistic experimental con gurations will be invaluable for
quartitativ e comparison of theoretical predictions and experimental data [28].

5. Feedback control and quantum state preparation

The intrinsic randomnessof quantum measuremem should not dissuadethe capable
obsener from trying to control the dynamics of a system. In fact, it should do just
the opposite. The inherent uncertainty in obsenation is the inspiration for the useof
feedbadk control, and promotesit to the status of fundamertal.

Although the physical constraints imposed by quantum medanics are
performancelimiting, quantum feedbad control problems are well de ned and worth
pursuing for all of the same reasons engineers use cortrol on classical systems.
Furthermore, quantum feedbad cortrol, while technically di cult, is simply a branch
of traditional control and amenableto the techniques developed therein [4,18,71].
Far from introducing an ertirely new kind of problem, the challengespreseried here
highlight and motivate the extensionof mathematical methods already in developmert
elsewhere.

In this section we begin by discussing the types of problems and structure
encourtered in a typical quantum feedba& cortrol scenario, building upon the
formalism dewveloped above. Here we use languagefrom classicalcortrol theory, and
discussthe possibleapplication of optimal and robust cortrol theoriesto the quantum
setting. We also emphasizeexperimental constraints which motivate simpli cations
of desired cortrols through model reduction. Next we demonstrate the utilit y of
feedbadk in a review of applications to atomic ensenble experiments. We nish by
focusing on the particular theoretical example of deterministically preparing a state
with continuous measuremem and cortrol.

5.1. De ning feedback control

The term \quantum feedbadk control" asusedin this article refersto a particular class
of problems that should be distinguished from other types of control with quantum
systems. The classwe consider involves the measuremeh of a quantum system by
interaction with a quantum eld. The eld is destructively measuredresulting in a
classical measuremen record. That measuremen record is then processedand fed
badk to Hamiltonian parametersa ecting the samesystem.
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The rest of this article is concernedwith problems of this kind. However, it
should be noted that there exist further typesof cortrol with this arrangemert that
we will not discuss. Aside from actuating Hamiltonian parametersof the systemwith
feedbad, the obsener may possesghe ability to adaptively changethe measuremen
itself according to the measuremen record. This leadsto di erent \unravellings" of
the dynamics [79]. By the nature of the measuremen, the ensenble averagebehavior
of the systemwill be the samefor any chosenunravelling or adaptive measuremeim
scheme. Of course,the samewill not be true for the averagetrajectory behavior of
the systemunder di erent Hamiltonian control laws.

Additionally , there exist completely dierent types of control with quantum
systemsbearing little resenblanceto the measuremen techniquesdiscussedhere. For
instance, one can imagine doing a type of feedba& experiment where, instead of
destructively measuringthe ancilla system, it is returned to interact with the system
of interest again, and possibly repeatedly. For the caseof the usual optical ancilla
system, this has beenreferred to as\all-optical feedba&" to distinguish it from the
electrical measuremen signal alternativ ely produced [81]. In certain casesthis kind
of \coherent control" [52] can achieve state preparation goalswith minimal processing
overheadand delay. In the formalism presenied here,one could describe such a process
completely at the quantum stochastic level of section 3.

Finally, the term \quantum control" is also used in the literature to refer to
yet another scenario, with not one system, but an ensenble of identically prepared
systems. Here a system is driven with a pulse, then the result is measured.
Subsequetly, another systemis prepared, another pulseis usedto driveit, the result
is again measured,and so on. In between trials, the pulse shape is changed based
on the previous measuremeits in somealgorithmic way to optimize the e ect of the
pulse [61]. This procedureis a type of \learning cortrol" and, unlike in the examples
we study, no feedbadk occurs during the lifetime of an individual system.

5.2. Seration structure

Generally speaking, the cortrol problem consists of nding a mapping of the
measuremen record onto the actuation variables such that some pre-de ned task
is achieved. When stated in this way the problem is very di cult to solve; after all,
when we allow any functional from the photocurrent history to the control variables,
it is hard to know whereto start.

Fortunately we can simplify the problem description considerably using what is
sometimesreferred to as the semration principle or the information state approach,
originally introduced in classical cortrol theory by Mortensen [57]. The basic idea
behind this approadc is that we can never control the system more precisely than
the precision with which the system state can be inferred from the obsenations. In
many ways this is a statemert of the obvious: for exampleif we know that the system
is controlled to within somebound, then clearly we can infer that the system state
is within that bound. As a consequencethe best we can do is to control the best
estimate of the system state, i.e. the conditional state.

The advantage of this approach is that we have corverted the output feedback
control problem into a state feedback control problem for the lter. Operationally, we
then considerthe ltering equation (52) as our new \e ectiv e" dynamical equation
to be controlled, where the feedbadk h(t) can now be taken to be a function of the
conditional state ; asopposedto the measuremen record. This is a lessconstrained
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Figure 3. Schematic of the entire feedbad control problem for an atomic ensenble. On the
experimental level an ensenble interacts with a probe eld, as described by Eq. (44). Homodyne
detection givesrise to the photocurrent (45), which is processedby a digital controller. A magnetic
eld is used for feedbadk. On the controller level, the photocurrent drivesthe quantum lter (51)
which updates recursively the best estimate of the atomic state. The control law is a functional of
the current conditional state. The innovations structure (55) allows the control design to be based
directly on the lItering dynamics.

problem than the output feedbad problem and henceoften easierto solve. Control
designis further simplied by the fact that the innovation, Eq. (55), is white. This
meanswe can considerEq. (52) as an ordinary It equation to be cortrolled, without
separately modeling the statistics of the photocurrent driving noise.

The structure of the entire cortrol setup, in the context of the model discussed
in the previous sections,is shavn in Fig. 3. The atomic ensenble and its interaction
with the optical probe eld and the magnetic cortrol eld was modeledin section 3.
Homodyne detection was the subject of section 4.1. The photocurrent is processed
by a digital control circuit which producesthe feedbad signal. Inside the controller,
the \whitened" photocurrent drivesthe quantum Iter, as described in section 4.2.
The cortrol law is a function of the best estimate of the system state. To designthe
control law, however, we only needto considerthe \in ternal" feedbad loop inside the
digital circuit. From the cortroller's e ectiv e perspective, the only role of the physical
experimernt is to provide the innovation dW;, which is white by construction.

5.3. De ning an objective

We have separated the cortrol design into an estimation problem, which was the
subject of section 4.2, and a control problem. The control problem is unde ned,
however, until we state a goal that our cortroller should achieve.
As an example, an experimentalist may want to minimize somefunctional of the
system and cortrol variablesie.g.,
T
Ch]=E  j«(FH)+ h(®)? dt (57)
0

where is a parameter that limits the degreethat the control input is applied. To
apply the separation principle to this casewe must rst convert the cost function
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C into a form which is only a function of the Iter state. This is straightforward,
however, due to the property Ej;() = E (() of conditional expectations: we obtain
Z+
Clh(t) = E ((FH)+ h()? dt (58)
0

As expected, the control goal depends only on the conditional state, i.e., the lter
state is a su cient statistic for this control problem.

In principle, the minimization of (58) using the dynamics of the ltering equation
would produce a cortrol law which is the optimal time-dependert mapping of the
conditional state onto the cortrol parameters. This type of problem is known as
\optimal control”, and is one of the primary modes of thought in classical control
theory [8,20,38]. As is apparert from Eq. (52), the general form of the ltering
equation is non-linear in the state and, as an unfortunate result, the optimal control
solution is extremely di cult to nd. Although both non-linear and stochastic control
theoriesare well dewveloped elds classically there is still much work to be donein their
intersection.

Fortunately, there are alternative methods for gaining ground on the quantum
feedbad cortrol problem. First, in someinstances, it is possibleto linearize the
dynamics of the Itering equation via momert expansions. In this case, one can
readily adopt \LQG" techniquesfrom classicalcontrol [8,38] for linear systems(L),
a cost function quadratic in linear obsenables and control variables as above (Q),
and Gaussiandynamics (G), to solve the problem completely [4,18,19,65]. In any
given example, the neededlinearization may only work for particular initial states
and limited periods of time, but the LQG results can still be remarkably far reacing.

Second, we can choose to be less demanding of our cortroller, and instead
formulate a non-optimal goal. For instance, suppose we are interested in preparing
the quantum state . at long times. The control goal can then be formulated as nd
a control law h(t) sothat E[j;(X)]! Tr[X ¢ ast! 1 for any systemobservableX .
As above, it is easyto seethat the Iter stateis a su cien t statistic and hencewe can
directly apply the separation principle. In particular, if we can nd a cortroller that
makes . a global (stochastically) stable state for the lter dynamics, the eventual
preparation of . is ensured. Although the state might not be prepared as fast as is
physically possible,it is an accomplishmen to know that it will evertually be prepared
with unit probability. Herethere is much work to be doneon constructively generating
controllers and methods for proving the stability, but progresshasbeenmade for some
simple problems [71].

5.4. Robustnessand model reduction

If given the choice between a cortroller that works optimally under one set of ideal
circumstancesand a cortroller that works sub-optimally, but adequately, over a wide
set of possible conditions, the wise experimentalist would always choosethe latter.
Due to unexpected modeling uncertainties and exogenousnoise sources,the optimal
control approad hasthe potential to fail catastrophically in realistic ervironments, a
possibility that hasmotivated the developmert of \robust cortrol" for many years[84].
One could say the reasonexperimerts are performed at all is to test the robustnessof
our model and cortrol design.

The concept of robust control has been extensively studied in the classical
deterministic setting, but the samelogic holds true for quantum applications. Evenas
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quantum technology reachesits limits, there will always be somedegreeof non-intrinsic
system uncertainty to which the system should be robust. Not surprisingly, quantum
feedbak techniques have been shovn to enable robustnessto model uncertainty in
metrology applications [65]. Of courseone neednot draw the line too sharply between
optimal and robust control, as there exist types of risk-sensitive optimal quantum
control that inherertly considercertain kinds of robustness[39,40].

Another practical reasonwhy optimal cortrol may not be ultimately relevant is
that real-time information processingtakestime. Even if the modeling is perfect and
there are no excessoisesources,an optimal controller may not work dueto processing
constraints. If the processingdelay of the actual cortroller is large comparedto the
relevant time-scale of the Itering dynamics, then another approach will be needed.
Despite the improving performance of programmable logic devicesthat might best
implement the optimal cortrol, there are few experiments with slow enough time-
scalesthat modern electronics can be optimally e ectiv e at real-time estimation and
control [64].

Clearly it is of signicant interest to be able to derive a cortroller that works
without having to ewolve the full Itering equation in real time. Recognizing this,
physicists have proposedand usedcortrollers for quantum feedbad applications that
usea simpli ed control law which bypasseghe full state estimation. Even more easily,
one can sometimesfeed the measuremen record directly bad to the systemwith a
gain tailored intelligently in time [69,77,80]. However, with any of these approaches,
one must be cognizart of realistic gain and bandwidth constraints. For example, one
cannot realistically feed pure white noise badk into a system, as this would imply
in nite  sensorand detection bandwidths. Although most of the simplied quantum
controllers suggestedin the literature have been constructed through more or less
heuristic means, we expect the corntinuing developmen of thesetechniquesto resort
to more mathematical notions of model reduction, where the degreeof approximation
and its e ect on the feedba& performancecan be more explicitly quanti ed.

5.5. Measurement and Feedback in Atomic Ensembles

When considering systems with the potential for interesting applications related
to quantum information processing,there exists a natural tendency within many
physiciststo considerconceptually simpli ed systems,e.g.,a singleatom or ion. While
much progresshasbeenmadein trapping, measuring,and cortrolling single particles,
it has also been realized for some time that the use of atomic ensenbles does not
preclude the obsenation of uniquely quantum e ects nor a simple description. As
comparedto alternativ e systems,ensenblesare experimentally cornveniert and, by the
sheernumber of participants, su cien t signal can be generatedto make them powerful
in quantum applications, with atomic clocks being just one prominent example.

Here we considerthose experiments where contin uous measuremen and feedbad
have beenusedto generateentanglemert either within or betweenatomic ensenbles.
We begin by discussingthe use of dispersive measuremen to produce a spin-squeezed
state in a single ensenble in the short-time limit, and how feedbak can be usedto
make this processdeterministic. We then focuson a particular theoretical limit where
the linear approximation fails, but still highly entangled eigenstatesof the measured
F, can be prepared by using the more complete Itering equation and an intuitiv e
feedbak law. Finally, we briey discussexperiments and proposals involving the
creation of entanglemenrt betweentwo ensenbleswith and without feedbad.
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5.5.1. One Ensemble For state preparation with atomic ensenbles, spin-squeezed
states (SSS)[44] are natural target states. These collective spin states are internally
entangled, simply characterized by measured momerts of the spin-operators, and
useful in metrology tasks [29,65,76]. For an ensenble with N spin-f particles and
collective angular momertum operators F;, a state is de ned as spin-squeezedand
entangled, if*

2f Nh FZi

HFyi2

where the spin-state is pointing along x sothat hFyi = F = Nf and hFyi = HF,i = 0
[63]. Methods to produce these states typically begin with an unentangled coherert

spin state (CSS) with all spins exactly polarized along the x direction and realizing
the equality of the uncertainty relation
2 H:x i 2 .

7
For the SSS,the equality is roughly maintained with one componert h F2i squeezed
smaller than the CSSvalue and the other h Fyzi anti-squeezed.

There are many ways one can imagine producing the spin-correlations within
the ensenble neededfor the collective state to be squeezed.Examples include using
direct Hamiltonian interactions [63] and alsotransferring correlationsfrom an auxiliary
system, e.g. squeezedstates of light [34,49,56]. We shall focus on the production of
spin squeezedstates via dispersive measuremety, the e ects of which were originally
discussedand demonstrated in referenceq47,48]. Subsequetly, Thomsen, et al. [69]
proposeda feedbak procedure,discussedbelow, that useda measuremen based eld
rotation to remove the randomnessof the measuremen while retaining the desired
squeezinge ect. Others have proposedusing feedbadk to an optical pumping beamto
achieve a similar result [56]. It hassincebeenexperimentally demonstratedthat using
a proceduresimilar to [69] feedbadk can enablethe deterministic production of spin-
squeezedstatesin cold atomic samples[28,30]. Much work corntinuesin this direction,
in particular towards creating squeezedstateswith the Cesiumclock transition, which
would considerably improve current atomic clock performance[59].

To understand the conditional preparation of spin-squeezedstates by dispersive
measuremet, consider the apparatus in Figure 3. As shown above, the lItering
equation is given by Eq. (52). This equation is only applicable at longtimest  1=M
if a suciently strong cavity is usedto suppressthe spontaneous emissionto an
insigni cant level. Given existing experimental technology this is currently unrealistic;
neverthelesswe considerthe long time dynamics for purposesof demonstration.

The Itering equation was derived using a simplied one-dimensionalmodel of
the interaction. Although this model is often an adequate description of free-space
experiments where a distribution of atoms interacts with a spatially extended probe
beam, there is much interest in making the model more accurate by extending it to
three dimensions. A complete model would considerthe scattering processwhere all
free-spaceeld modesinteract with the atomic distribution. Someof those channels
would then be measured,and the results usedto condition the atomic state. In this
picture, the conditional entanglemert results from the indistinguishabilit y of the atoms
in the measuremen and \sp ontaneousemission" is a term usedto describe the e ect

<1 (59)

h FZih FZi (60)

* We will denote by hi the expectation of an observable in a general sense. The asscciated state can
be prepared either unconditionally or conditionally .
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of the remaining unobsened channels. A considerableamount of work remains to
be donein describing collective scattering in terms of measuremen theory, but much
progresshas beenmade[11,21,46,58].

Returning to the one-dimensionalmodel, we can extract the conditional evolution
equations for the momerts of any operator from the Itering equation. Under the
approximation that there are many atoms and the initial collective state is nearly
polarized along the x-direction, we can derive the closedset of equations

d «(F,) F exp[ M t=2]h(t)dt+ 2IO M ( F2)dw, (61)
d«( F) AM  (( F2)%dt (62)

Theseequationsare obtained by truncating the exact coupled expressionsfor (F}'),
calculated from Eq. (51), at n = 2 [29,65]. This reduced description is equivalent
to a classicalKalman Iter [8,38] and correspondsto a local linearization of the spin
dynamics.

Egs. (61) and (62) are valid only in the short time limit t 1=M, past
which the full ltering equation is needed. At longer times terms neglectedin the
approximation grow to the point that the variance becomesstochastic [65], and the
momert truncation is no longer a good description. This processcan be seenin Fig.
4a, where at small times the variance is deterministic, but then becomesrandom at
longer times.

The deterministically shrinking variance of Eq. (62) at short times signi es that
a spin squeezedstate is prepared with a random o set given by Eq. (61). The idea
of [69] wasto chooseh(t) / Y; with an intelligently chosengain suc that the rst
term e ectiv ely cancelsthe secondterm in Eq. (61), preparing the sameSSSon every
trial. Although this exact procedure cannot be implemerted in practice due to the
in nite detector and actuator bandwidths implied by the control law, it wasessetially
a similar, but ltered, current feedbadk law usedin the experiment [30]. Becauseof the
linearity of the dynamics in the short-time limit, the simple current-based feedbak
law doesnot perform signi cantly worsethan a law that changesh(t) more optimally
accordingto the state {(F;) [65].

Given these dynamics, another cortrol strategy would be to separate the
measurememn and cortrol in time: simply measuring for a nite amount of time,
turning o the probe, and using the measuremen result to rotate the spin-squeezed
state to the desiredlocation. However, as pointed out in [69], the contin uousfeedbadk
approach is more robust than this procedure to e.g. uncertainty in the total atom
number which is necessarjto compute the size of the correcting rotation.

To further demonstrate the utilit y of continuous measuremen and feedbad,
we now consider the long time behavior of the Itering equation, past the point in
time t > 1=M when the linearized description fails. As discussedin section 4.3, the
ltering equation stochastically preparesa random eigenstateof F, asymptotically in
time . In [66] we investigated numerically the performance of particular cortrollers
at producing one F, eigenstatedeterministically on every trial.

Hereit is critical to point out that, unlikewith the Gaussianspin-squeezedtates,
a post-measuremen rotation strategy will not work in this regime. If the wrong
eigenstateis randomly prepared in one measuremen, it cannot be transformed into
the correct eigenstateby a rotation alone. Furthermore, despite the adequacyof the
direct current feedbad law at short times, such a cortroller is lessuseful at longer

There are other schemes that produce superpositions of F; eigenstates conditionally but without
control, based on single photon detection of an ensenble in a cavity [22].
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times. As opposedto state-basedcortrol, this type of control will feed noiseinto the
systemeven if the target state is reached, unlessthe gain is turned to zero. Although
certain gain-tailored schemescan be madeto optimize the feedbadk at small times [69],
it is not at all obvious how such a procedure could be generalizedto the long time
case.

In contrast, if the cortrol variable h(t) is madea function of the conditional state,
then it will naturally know when the goal has beenachieved and no longer disturb the
state unnecessarily Numerically we were able to demonstrate [65] that with an initial
x-polarized state, the cortrol law

h(t) = t(F2) (63)

appeared to deterministically prepare the highly entangled state m, = 0 on every
trial, asseenin gure 4. Thus, continuous feedbad, in addition to being robust, is
also capable of preparing states on ewery trial that would be impossibleto generate
deterministically with measuremen and cortrol pulsesseparatedin time.

Numerical evidence is encouraging, but more analytic statemerts about the
performance of particular control laws are still desirable. Unfortunately, the more
atoms the ensenble corntains, the larger the Hilbert space becomes,and the more
dicult it is to analytically prove that certain states are global attractors under
particular feedbak laws. However, as we have shown in [71], there exist methods
adapted from non-linear and stochastic control theory that can prove the global
stability of F, eigenstatesfor this problem. Although this hasonly beendemonstrated
for few atom systems,there is hope that the techniquescan be extendedto consider
dynamics on larger Hilbert spaces. Much of the control design processremains
guesswork, but ultimately we desire methodology that allows us to systematically
construct both controllers and proofs that validate those cortrollers.

5.5.2. Two Ensembles The creation of a collective entanglemert within a single
atomic ensenble can be motivated with, for example, the need for noise reduction
in metrology tasks, where the systemis used as a relatively localized probe of some
parameter of interest. In other practical applications, like quantum communication,
it is desirableto have an entangled quantum state, but with constituents separated
substartially in space[23]. Indeed it has beenexperimentally demonstrated that by
detecting a single probe beam after it passesthrough two spatially separate atomic
ensenbles, the two ensenbles can be made conditionally entangled [41].
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Just as single-made spin squeezingcan be quarti ed with the collective variables
for the one ensenble, here the \t wo-mode" squeezingcan be quanti ed with the joint
collective operators describing both ensenbles. Furthermore, in analogy to the work
of [69], the random o set obsened in the measuremen processcan in principle be
eliminated with a suitable feedbadk law to deterministically produce the same two-
mode spin squeezedstate on every trial [9].

In a related context, it hasrecertly beenexperimentally demonstrated that the
two-ensenble systemmay serveasan e ectiv e quantum memory for statesof light [42].
This proceduredi ers from the deterministic state preparation discussedpreviously
in that the state of light to be mapped onto the ensenblesis not known beforehand.
However, the procedure described in [42] is similar in that it does use feedbadk to
rotate the Gaussianensenble state in a way that maps one measuredquadrature of
the optical state onto the atoms, while the other unmeasuredquadrature is mapped
unconditionally by the interaction alone. Clearly, this processsharesmany of the
sameproperties asthe applications discussedpreviously and can similarly bene t from
analyseswith technical notions of robustnessand optimality. Finally, this procedure
becomeseven more e cien t if the input atomic state is a two-mode squeezedstate,
which highlights yet another practical application of deterministic entangled quantum
state preparation.

6. Conclusion

In this article we have attempted to give a uni ed picture of a quantum feedbad
control setup. Starting from elemenary physical interactions, as described by a eld-
theoretic model, we rst performed statistical inferenceon this model, and then used
this framework to develop feedbad cortrol strategiesfor state preparation in atomic
ensenbles. The latter is directly related to recent experimental work which we brie y
summarized. It is our hope that such a unied picture will help linking the basic
physics and experimertal reality to a high-level, control-theoretic point of view.

Many open problems remain on both endsof the spectrum. On the physics side
much work remains to be done on the realistic modeling of laboratory experimerts.
Ultimately a full three-dimensional eld-theoretic model will be invaluable for
quartitativ e comparison of theory and experiments. On the control-theoretic side
many of the techniquesthat have beenusedare still heuristic in nature. Systematic,
constructive design methods for nonlinear stochastic cortrollers, the incorporation of
realistic robustnesscriteria, and e cien t model reduction techniqueswith cortrollable
approximation errors are some of the major outstanding issues. We believe that a
fruitful interaction betweenthe physicsand mathematical cortrol theory communities
will open the road to signi cant advancesin thesedirections.
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